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To the Rcwrewi 

2 Mr. jfewbff Harris, A- M, 
F E L L O W 

O I T II 

ROTAL SaeiETT. 



SIS, 

SINCE Mttbevutieks 
I hath been, introduted in. 
I to 3*igfc4i Sf&tiittmtt, 
I and Men hare begun ^ 
fee through the empty Jargon of the 
Schools, to diftinguith. betwixt Chi- 
meras and Jblitt Knowledge, Learn- 
ing has received vaft Improvements : 

422&26 *" 
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And I may yenture to fay, that you, 
by your late excellent Work r with 
which you haye obliged the World, 
have done more Service to true Thi- 
h/ofhy y and ufeful Learning, than 
any one fingle Perfbh befides j for 
thofe many and great Advances 
which have beenniade within this laft 
Century, in particular Parts of Learn- 
ings $*>u have with great Improve- 
ments and good Advantage brought 
into one View, and under the modeft 
Title of Lexicon* Technicum, have 
given us a compleat Body of Science. 

Nor is your Goodnefs lefi confpi- 
cuous than your other Qualifications ; 
ypijr generous Cmverfatidn and di£ 
interefted fincere Friendjhifr makes 
you efteemed and beloved by all 
thofe who have had the Happinefi 
of your more intimate Acquaintance ; 
and I am fure, I may with better 
Reafon lay of you, what that Gene- 
ral 
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ral Alexander did of his Matter 
Ariftotle : That my Being indeed is 
a Debt due to my ^Parents ; but my 
Well-being is entirely owing to you. 

Be pleafed, Sir, to accept with 
your wonted Goodnefs, this fmall 
Prefeht which I here make you, 
and look upon it as a Mark of that 
juft Efteem and Regard I have for 
my beft Friend. I own it is yours 
by Right ; for it was you that en- 
gaged me in it, and have fince re- 
vifed the Sheets as they came from 
the Prefs. 

I need not fay any thing of the 
Author I have here tranflated; for 
your putting me upon it fufficiently 
fhows the Value of the Original, and 
your corre&ing the Sheets, in my Ab- 
fence, will, 1 hope, in fome Mea- 
lure recommend the Performance. 



May* 



&&t>1CATiOfL 

!May you five long, and happily, 
for the Service 6f the Chatth and 
you* Country, the Encouragement 
of good Letters, and the Ona- 
meift of the Mathematicks ; which 
is wiflifed by rtotte more earneftty 
than by, 



/ J/*, 



Tour moft Obedient, 



and Humble Servant y 



B. Robinson. 



The Author's 

PREFACE. 

10 MB Tears ago Ipablijhed 
a Treatife of Conick Seffiont 
in a new Method, and de- 
monftrated their Principal 
Properties from the Cone : 
But fetch as had not been jufficiently enurtd 
to Demonftrations about the Interfer- 
ons of Planes and Solids, found it difficult 
to underfiand them, though they were very 
ftmple and plain when once comprehended, 
tfhis put me upon feekitrg out another Me- 
thod, whereby, without making ufe of the 
Cone, and by only drawing Curve Lines 
upon a Plane, / might demonfiraie the 
fame Properties of the Conick Sefijotts \ 
and after having tried that Method, as h$- 
iny the moffjimple andeafy of all other Sy 
1 laid it afede at lafi, not being able to fur- 
mount, at that time, all the Difficulties 
A 4 which 
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which occttr'd. But I was fatisfied with 
having reduced the Conic k Sections to a 
Plane,wbicb J called Plane Conicks -, and 
J applied to tbofe Plane Se&ions the fame 
Demonftrationswbicb 1 bad before made for 
the Solid. And I can fay, that that Work 
bad the, good Fortune. to have the Appro- 
bation of many learned Geometricians. 

But Although it be very advantagious 
tp pleafe the Learned^ yet we ought by no 
means to make that the folid Qbjett and 
ultimate End of our Studies, and to ne- 
gleft the Inftrullion of tbofe that are de- 
fitous to underftand things of this Nature $ 
and I think they ought to be contented when 
they are fbewed feveral tVays of doing the 
fame thing $ for then every one may make 
choice of that which be likes beft. 

Without flaying to give you an Enume- 
ration of fucb Authors as have written 
well on this Science, or Jhewing you the 
different Methods ofdefcribing tbeje Curves 
tifed by them $ I fhall only infift on the 
Difference that there is between my Me- 
thod, and that of Mr. de Witt, which 
bath been juftly thought the beft. 

He makes ufe of a particular Method 
for the Defcription of each Se&ion, and 
■ ivbicb, efpecially in the Parabola and Hy- 
perbola, is embaraffed with many Lines, 

inttu 
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interfering one another in certain Angles ; 
by which means it is difficult atfirftfer 
the Learner to get a clear and plain Idea 
of the Formation of tbefe Curves $ where-* 
as the Defcription that I ufe, and which 
is taken from the principal Properties of 
the Foci, bath nothing for its Rule but 
one Jingle Line, which in the Ellipfis is 
equal to the Sum, in the Hyperbola is 
equal to the Difference of two other Lines 
drawn from the Foci to a Point in the 
Curve defcribed $ and. in the Parabola 
the Sum and Difference are found together ; 
for be fides its focus, which is determined 
in the Axis, // you fuppofe alfo another in 
the Axis at an infinite Diftance within 
the Parabola below, it is evident that the 
Sum of tbefe Lines, which Jball be drawn 
from any Point in the Curve of the Para- 
bola, to tbofe two Foci, Jball be equal to 
one and the fame Line, drawn from the in- 
finitely diftant Focus to a Line, which be- 
ing perpendicular to the Axis, Jball meet 
it in a Point, which is as far diftant from 
the Vertex of the Parabola as the determi- 
ned Focus. 

And if you fuppofe another Focus infi- 
nitely diftant in the Axis above, witboup 
the Parabola, it is alfo evident, that the 
Difference of two Lines drawn from any 

Point 
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Point in tbe Curve of tbe Parabola, n 
that indetermined Focus, and to tbe other 
determined onejhall be equal always to one 
and tbe fame Line. 

Tbefe are tbe Properties, and tbefe are 
of very great ufe in Geometry, efpecially 
in Catoptricks, Dioptricks and Aftro- 
nomy. 

/ believe Mr. de Witt would not bave 
nfed fo compounded a Method for tbe De- 
fcription of tbefe Curves, bad be not 
thought that tbe Demonstrations would 
have been more eafy and fimpte on that 
Account ; which be could not bring to pafs 
in the Ellipfis, wben be endeavoured to de» 
monftrate the Properties of tbe Diameters* 
2be. Dentonftration which I bave given 
you, bath fome Conformity with that of 
tbe Antients, but it is much more fimple 
and Plain. 

STbis Book contains all tbe Elementary 
Properties of tbe Co nick Seftions; and 
there is no more Geometry required, than 
to under ft and thoroughly tbefirftfix Books 
cf Euclid i Element s y or tbe Subftance 
of what is contained in them, as it hath 
been demonftrated divers Ways by many 
learned Geometricians. I bave by no means 
changed tbe Names which Apollonius 
gave to tbe Curves, loth becaufe Cufiom 

bath 
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bmb familiarized tbem to us, and alfo 
bcoaufe I %atoe demnfir&te&in tbeirOrder, 
tbe Properties im which they depend. 
Tbe Parabola take s its Name from the 
Equality that tbete is between the Square* 
of the Ordinate* t$ the tHamter, and 
the Reft angles under the Parameter and 
the Abfciffe i as I have demonftrated 
in the ift Corollary of the ift Propofition, 
and in the \\tb of the Parabola. 

Tbe Ellipfis is fo called, becaufe the 
Rett angle under the Parameter and the 
Abfciflfe, or the Parts of the Diameter, in- 
tercepted between tbe Vertex and the f eve- 
iar Ordinal**, are leffsr than tbe Squares of 
fucb Ordinates, by a Red angle fimilar to 
tbofe Re ft angles. As I have jheweLin 
tbe 5tb and tHtb Propofitions abouMbe 
Ellipfis. In tbe Hyperbola, tbe afore f aid 
Reft angle under the Parameter and tbe 
Abfciffej exceeds tbe Squares of tbe fede- 
ral Ordinates, by a fimilar Re ft angle y &c. 
as I bave demonftrated in tbe id and zzd 
Propofitions of tbe Hyperbola. 

Tou will find in tbe Treat ife tbe moft 
ufeful Part of tbe firft Book of Apollo- 
nius , tbe Properties of tbe Affymptotes, 
which be delivers in bis fecond Book, and 
tbe firft Propofitions of tbe Third, and tbofe 
about tbe Foci; which an tbe moftcon- 
fiderable. As 
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As to the Proportions which 1 make ufe 
of, I cite only Composition, Divifion and 
Equality of Ratios ; beeaufe 1 fuppofe 
my Header knows how to change alter- 
nately, or to invert or convert the Terms 
cf four Proportionals, &c. 
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TREATISE 

O F 

Conick Sections. 
T ARAB LA. 

The Generation of the 
PARABOLA. 

If a right Line, as A D, be drawn upon a 
Plane, and a Point, as F, be taken 
without tbis hint; 1 fay, an infinite 
Number of Points, as P, p, p, ma j 
bo found in fucb an Order, that the 
Lin* F P, drawn from the Point F to 
each Pant 2, /ball be equal to PA, 
drawn 
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drawn from, the {me Point f perfettii- 
cuUrHAD. 




FR Q M any Ftfn* «t fle^re^h the 
tfne AD Ouppofe A) having drawn 
AP- perpendicular to A D, and likewife 
the Line FA 5 make the Angle 4;P;P 

equal to the Angle F A P f and $he Point 
P will be one of the Points required : An^ 
after the fame Manner an infinity ^um\ 
phrot others may be fotihd; 
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- T h r 6 u g ^ the Point F having .drawn 
the Line FD perpendicular td A IX j 'if is 
evident that P F f the Lkie which partes 
through the Points Pjp) bifle&s FD in 
T, and that the Line PPT increafeth 

in- 
2 



infinitely, and likewife runs off infinitely 
from the Line FD produced down to- 
wards the Fart F. 

« DEFINITION I. 

The Curve Line PPT, formed by t»- 
ing drawn through the Points PP,is 
call'd a Parabola. ' 

DEFINITION II- 

The Point T Is called the Vertex, and 
the Point F the Focus of that Parabola. 

DEFINITION HI. 



* j 



. The line DFO the Axis 9 and any 
fart ofity as OT, lying between /^Ver- 
tex and any Point, as O, is called the Ab- 
fcifft. 

DEFINITION IV. 

The line PO drawn from any of the 
Points P of the Parabola, perpendicular to 
the Axis, is called an Ordinate to the Axis. 

DEFINITION V. 

A l j, the lines within the Parabola, 
which arg drawn paftlkl to the Axis, are 
Called Diameters, 

DE- 
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DEFINITION VI. 

A r i t ght Line,, which meets the Pa- 
rabola only in one Point, and which does 
not cut it, is called a tangent to it in that 
Point. ' ■ \ .. ' . 

. 

PROP. I. 

2*be preceding Generation of the Parabo- 
; la being fuppofed $ Ifap u the Square <f 
any Ordinate 9 as PO, is equal to a Re- 
£ian%le under twice the Line F X) muU 
tiplied into T O ; t bat Part of the Ax- 
is, which is contain 9 d between the Ver- 
tex T and O, the Point where it meets 
*te Ordinate. ' :„ *"" ; 






Let TDs=rf; then will FDbe sss 
*<*; and let FQ = b- t DO — AP =s 
F P (by the Generation of the Parabola) 
find confequently DQ? — FP^jbut 
FP? = ?Oq r{-bb, arid fiOq — \aa 
4- ^,ab + bbi therefore >0# -$-bb=z 
'+ ad -\- \ab + bb t and taking -awfy$ £ 
from each Side of the Equation, there re- 
mains P O q — 4 a a -\- ^ab^bv&^aa -\- 
a. ah == 2.FD. x O T •, therefore PO q 

, #> R 
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COROLLARY t 

t t is evident from the foregoing Prop* 
that the Square of each Ordinate is equal 
to a Re<ftangle, undef a Line, which is 
the Double of F D, and eonfequently an in** 
variable Quantity, ahd TO the Mftijfa 
or that Part of the Axis intercepted be- 
tween theVertex T and O, the Foot of the 
Ordinate. 

DEFINITION. 

The Line equal to z FD is called the 
Parameter of the Axis, and by feme the 

Latus Reftum. 

COROLLAS* Hi 
It is Evident that the Focus is diftant 
from the Extremity of the Axis* or Ver* 
te*y i Part of the Parameter. 

CORQLLARt lit 

I t is likewife evident that the Square of 
the) Ordinates are to each other, as their 
refpeftive Abfcijfas, orthe Parts oitheAx* 
is comprehended between the Vertex and 
thofe Points where each of them meets it9 
refp^dive Ordinate* for all of them are e-. 
qlialto &e$jtDgles whofe Safes are thofe 

B Jbfeijfas, 
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Abfcijjks, and whofe common Altitude is 
the Parameter * fotf Ke^ angles of the fame 
or equal Altitudes are as their Bafe$< 

P R OP. VL 

if be right Line TS, drajtin through the 
Point T, parallel to PO, touches the 
Parabola, in the fame Point T. 

ifi. If it be poffible, let the Line T S 
(See Fig.inPag* 2.) meet the Parabola in 
any .other Point as S 5 then having drajvn 
S a parallel tp the Jxis 9 FS*=Sa(by the 
Generation J wherefore F S = F T Cbecaufe 
FT, TD, and Sa are equal) which is 
abfurd : For in the Right-angled Triangle 
FTS, the Side FS, tthich Tubtends the 
Right Angle, is greater than either of the 
other* Sides. ' - • 

zdly. It is ftill left (wffible that 3T S 
ihouid ever fall within the Parabola^ for 
then the Parabola would fall between Da 
and T S$ which is impoflible from the 
Ge72eratipn .'Therefore the Proportion 
is true/ " - 






PItOPi 



PROP. III. 

Stefame Slings being fippofid as before j 
1 fa, ""> a Diameter, as PI, can meet 
the Parabola only in one Point P. 



Stt*K,j E tiu piatnete!rlaeettrieJ>*. 
™* ■" anothe* Point, as I, the Line IB 
wiJJ be = I &. (from the Generation) but 
lu SI? A for the fllDIe R*fi»" i where- 
^PP.+ PI »ill be = 1^ 'which!; 
Sgfi » fcr ">y ™o Side, of a Triangle, 
2W*".« greaterthan the thirds 
WKJore the Propofition is true. 



J' PR-OP. 
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PROP. IV. 

fthe fame things being ft ill fuppofed as 
above, draw the Line F A, " and ha- 
ving biffetted it in E, draw P E. / 
fay, the right Line P E touches the Pa- 
rabola in the Point P only. 

i.Let any other Point, as p (See Fig. 
p. 7) be affigned, where the Tangent PE 
may be laid to meet the Curve : It is eafy 
to (hew that Suppofition to be impoflible or 
abfurd. For drawing p F to the Focus 9 
and pa parallel to the Axis, the LinepE 
is perpendicular to the Bafe of the Ifofce- 
les Triangle F p A, fince it bifle&s it in E : 
Wherefore Kp and ¥p are equals but ap 
= to V pC from the Generation of tbe Para- 
bola) therefore ap will be =5 Ap, which is 
abfurd: For the Angle pa A is a right 
one; therefore the Line; PE does not 
meet the Parabola in the Point p.: 

• • r » * 

* • * » 

2. A o a i n, if it be pofKble, let the : Pa- 
rabcla below the Point P, fall without the 
Line EPL, with refped to the Axis, that 
i» 9 let the Part PL of the Line EP Lbe al- 
ways within the Parabola. From any one of 
1 the 
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the Points, as S, of the fuppofed Parabola, 
lying without the Line L P, having drawn 
S F to the Focus, and S V parallel to the 
Axis ; (by the Generation of the Parabola) 
SF=sSV$ butSA is greater thanSV, 
the Angle S V A being a right one $ there- 
fore S A is greater than S F, which is ab- 
furd : For the Line E P L bifledls A F, and 
is perpendicular to it, and tihewife pajfes 
through the Point S ; wherefore S A and 
S F will be equal. Therefore it is evident^ 
that S is not one of the Points of the P*- 
rabola, and confequently that the Pro* 
pofition is true*. 

COROLLARY. 

I t is evident, that the Angle F G E, 
made by the Tangent P G and the Axis 
F G, is equal to the Angle FAD, which is 
equal to the Angle A PE or F P E ; for 
the two Triangles F G E, F A D are right- 
angled at E and D, and have the Angle 
at F common ; iikewife the Angle at the 
Point A of the Triangle P A E is equal 
to the Angle A F D, by reafon of the pa- 
rallel Lines P A, FD •> and the Triangle 
F P E is equal and fimilar to the Triangle 
APE. It is alfo manifeft, that the TrT- 
angle P F G i* an Ifpfceles one, 

B$ PROP, 



PROP, V. 
There can he hut one Line, as P E ©» 

which touches the Parabola in the fame 
Point P, and doth not cut it. 

Suppose it poffible for another Tan- 
gent, as Pg, to touch it in the lame Point. 
From the Focus F having drawn Ftf per- 
pendicular to Pg, F<z will meet AD in 
tome Point, as a : For the Tangent P g al- 



ways meets the Axis, and can never be 
parallel to it ; for then it would be a Dia- 
meter, and would paft within the Paraho~, 
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Is : Having drawn a p parallel to the 
jdxiSy and fo that it meets the Parabola 
in p 9 p F will be equal to pa (by the (?*• 
n er at ion of the Parabola) and F a being 
bifie&ed in e 9 the right Liqe p e M will 
touch thePrfr-dfo/tf in />, and will be paral- 
lel to Pg, by the precedent Propofition^ be- 
ing each of them perpendicular to Fa: But 
the Tangent P£ meets the other Tangent 
p e without the Parabola, fince both of 
9 em are Tangents; wherefore Pg parallel 
tope will pafs within the Parabola^ which 
is abfurd jfor it was fuppofed a Tangent, 
und confequently ought to be without : 
Therefore the Proportion is true. 

COROLLARY. 

'T i s evident from what has been de- 
fnonftrated, that all the Tangents meet 
both the Axis, and alfo the Diameters, 
and that they like wife meet one another, 
fince (by tbetfbPropofition J they are not 
parallel- 

PROP. VI 

Jo find a Sangent, which on the fame Side 
with the Parabola anik the fangent, 
makes an Angle with the Axis lefs than 
any given Angle $ provided the Angle 
given fa pot greater than a Right fine. 
- B ^ Let 



Let the Line F a be drawn fo, that the 
Anglp Fa J) may be equal to the Angle 
given ; then take the Point A, on the o- 
ther Side of *, with regard to the Axis z I 
fay, it is evident, that the Angle FAD will 
be lefs than the given Angle FrfDj and 
(by Cor. Prof, iy.) the Line PEG drawn 




through the Point P (where the Line A P 
parallel to the Axis meets the Parabola) 
and the Point £ f which bifle&s FA) will 
be a Tangent to the Parabola in the Point 
Pi and will, with the Axis 9 make the 
Angle PGF equal to the Angle FAD, 
which is lefs than the given A n g' e ^ * P$ 
which was tQ be j^one, 




?R0£ 
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PROP VII. 

Suppofing the fame fbings as before 5 1 fay, 
that the Part of the Axis T G, compre- 
hended between the Extremity T and the 
Point G,wbere the tangent meets it 9 is 
equal to T O, the Part contained between 
fbe fame Extremity T, and O that Point 
where the Ordinate P O drawn fromP 9 
the Point of Contatt rf that Tangent f 
meets the Axis* 




B y Cor. Prop. iv. the Triangle P G F i* 

anuofceles i therefore fGiSfSsFP^PA 

(from 
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(from the Generation of the Parabola) or 
DO, becaufe PO is parallel to A D 3 and 
if from the equal Lines F G, D O be taken 
the equal Lines FT, DT, the remaining 
Lines, TG, TO will be equal. W.W.D. 

COROLLARY. 

I f the Tangent T S be drawn thro' the 
Point T, and produced till it meet the Di- 
ameter API; and if the Line TI be 
drawn parallel to the Tangent P G $ it 
Follows that P S and P I are equal j for 
PS is ^ TO, andPI — TG. 

PROP. VIII. 

The fame Things remaining as before^ the 
Angle I PL made by the Tangent PL, 
find the Diameter P I drawn tbro* P, 
the Point of Contati is equal to the 
Angle PPG, contained between the 
Tangent L P G and the Line F P, drawn 
from the Focus F to the Point of Con-? 
ta(l P. 

By Cor. Prop iv. (See Fig. in p. 13.) 
the Angle FPG is equal to the Angle 
GP A, which is equal to theAngle LPI $ 
Wherefore the Angle I PL is equal to the 

Angle F PG. W+W % J). 

CO- 
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COROLLARY. 

I t is alfb apparent that the Angle JL P F 
is equal to GPI, by adding the common 
Angle FPI to the two. equal Angles 
I PL, andFPG. 

- P R O P. IX. 

Jf through the Point of Contaft F 9 FMte 
drawn perpendicular to tbefangent, and 
continued till it meet the Axis in M y J 
fay the Line O M contained between the 
Foot of the Ordinate O, and the Point 
M 9 is equal to half Parameter of the 
Axis. 

The Line P G is perpendicular to F A 9 
Qy Prop, iv.) wherefore A F and F M are 
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parallel; but the Triangles ADF and 
POM are equal and fimilar by reafon of 
the Parallels PA, DM and AD, POj 
wherefore O M is equal to D P, which is 
equal i the Parameter (by the Definition of 
tie Parameter.) W. W. D. 

PROP. X. 

In the Parabola TEP, wbofe Axis is 
TO, draw the Tangent PH to the 
Point P, meeting the Axis in H, ant 
another Tangent, as T B, to the Vertex 
T, meeting another Diameter ', ^DPB, 
produced to&; then will the Triangle 
TAH, made by the two Tangents and 
the Axis , be equal and fimilar to the Tri- 
angle BAP, made by the fame Tangents, 
and the Diameter B P produced. 

Having drawn PO (See Fig, in 
Pag. i%.) at right Angles to the Axis, 
T O is = T H f ty the feventb Prop.) 
but BPis aa TO$ therefore PB =TH: 
Thefe Lines BP and TH are alfo paral- 
lel, as likewife are B T and P O ; where- 
fore the Triangles TAH and BAP are 
equal and fimilar. W. W. D. 

C R O L- 
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COROLLARY. 

Having drawn TD parallel to PH, 
if each of the equal Triangle* be added 
to the Trapezium TDP A, the Triangle 
TDB will be equal to the Parallelogram 
TDPH, which is equal to the r e&angled 
Parallelogram T O P B, becaufe they have 
equal Bales T O, TH, and are between 
the fame Parallels j but the Rectangle 
TOPB is yet farther equal to the Tri- 
angle P O H, by reafon of the two equal 
TrianglesAPB and ATH. 



PROP, 
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F R O P. XI. 

The fame Things being fuppofed as before $ 

. If two Lints, F G and e M, be drawn 

' tbrougb any. Point of the Parabola, as 

B, parallel to the two Tangents PAH 

and BAT* the Triangle EGM is 

equal to the. Rett angle G TB F. 

From the Nature of parallel Lines, the 




Triangle P OH. Triangle EG M.-rPO^i 
HQqi but {by Prop. i. Cor. iii. > VOq, 

BQqa 
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EG?: J TO. TG*AndTO. TG:i 
Reftangfe T (XP% Reftangle TG FB : 
Therefore (by Proportion of Equality) th& 
Triangle POH. Triangle EGM : : Reft, 
angle TOPB. Redangle TGFB 5 but 
the Triangle POH is equal to the Rect- 
angle TOPB (by Cor. Prep, precedent j> 
therefore the Triangle EGM is equal to 
the Reftangle T G F B. W.W.I). 

A f t e r the fame manner the Triangle 
egM. may be demonftrated equal to the 
Re&angle Tg/B. 

PROP. XII. 

ffbe Triangle E F I is equal to the ParaU 
lelogram PIMH. 

I f the Point E be between P and T 
(See Fig. in the foregoing? age) theTriangle 
POH (by ; Cor. Prop, x.) is equal to the 
Re&atigle POTB* from which if yotf 
take equal Thihgs, wfc: if, from the, Tri- 
angle P Q H v<kit^ke tfce Tri angle ME G^ 
and from the Re&angle POT B, the 
ftedangjfe TtSFB eqtirfto the TriarigW 
MEG :(by Nop. xl.> And again, if front, 
each you take the Quadrilateral Figure 
P QGO* Jheref remain* the Quadrilatei 
ralFigurfe EQRM equal ro the Triangle 
~ - -* to each of which, if the com* - * 

Vfati 
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mon Quadrilateral Figure PI E<£ be ad- 
ded, the Parallelogram ElHMwill be 
equal to the Triangle E F I. 1V. IV. D 

B u t if the Point £ be on the other 
Hand of the Point T,. with regard to P, 
the Triangle ABP (by Prop, xj is equal 
to the Triangle ATH, and adding the 
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common Figure PlMTA to each of 
them, the Parallelogram P I M H will be 
•equal to the Trapezium IMTB, from 
which Trapezium if theRe&angle G T B F 
be taken, and to the remaining Figure 
F G M I be added to the Triangle G EM, 
which is equal to the Re&angle GTBF 
\by Prop, xi.) then will the Triangle E FI 
be equal to the Parallelogram PIMH. 

Lajtfa 
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- Lastly* If the Point E be on the 
other Side of *V as in e $ th* Triangle 
T AH is equal to the Triangle ABP; 
(by Prop- x.) and if the FiguA Tgf P A 
be added to each,* the Quadrilateral Ei- 
gure Hg/P will be equal to the Bjft- 
angle Tg/B, which is equal to the Tri- 
angle gtM (by the precedent.) Then if 
the cojrimon Quadrilateral Figure Mgfl 
be %iken from the Quadrilateral Figure 
**£/P* and the Triangle Mge 9 which is 
equal to it ; there remains jthe Parallelo- 
gram PIMH equal to the Triangle efl. 

P R O P. Xllt. 

If from a Paint E in the Parabola (Fig. 
p. 2o, 22,) be drawn the Right Line 
Ee parallel to a Tangent, asPH; then 
will the Right Line E e meet the Para- 
. bola in another Point , as e; and like- 
wife be biffetted in I by the Diameter 
P I, drawn through P, the Point of 
Contatf. 

#\Y-. 

If BT be the Tangent, theFift'Part 
of the Prop, is evident from the Generation 
of the Parabola: But if another Tangent 
be drawn, asPH, aTangent (byPrcp.vL*) 

C / may 
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may be found, which (hall nuke ta An* 
gle with the Axis* lefc than the Angle 
G H P, and on the fame Side of the Jxis; 
wherefore this Taagenc wiU meet the 
, Tangent P H on one Side of F, abd the 
Tangent TA on the others and the Line 
£ e being parallel to PH, will alfo meet 
the two Tangents either without the Pa» 
rabola or upon it 5 orv each Side the Dia- 
meter PI, and consequently the Parabola 
in two Points, as E* e (which is the firft 
Part of the Prop ) 

The Triangle E F I (by Prop, proved) 
is equal to the Parallelogram P I M H, 
which is alfo equal to the Triangle efl; 
w here fore t be two Triangles are equal: But 
they are likewifefimilar (by realon of the 
parallel Lines which form them^ therefor* 
El is equal to el^ W.IV.D. 

DEFINITION. 

Those Lines are called Ordinate* to 
a Tfiamefier which are drawn- parallel to a 
Line touching the Parabola in the Vertex 
of that Diameter $ as thofe Liftes are 
Ordinates to the Axis which are Perpen- 
dicular to it. 



PROP. 
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St** Sjtfirts cf the Otditittes, *s fil, 
JEY* belonging to in* Ant the fake Di- 
imtit) Mi $h Mre to (Mb dkftbtt As 
m farts Of ibh Biamete* V I, HY 
compriz'd between the Verte* P, aAd 
the Points whtre it meets tU Ordinates 

' 1 andY. 



T 




t6*. (tfie Triangles E 1*1, and ffi F Y 

being fimilar) the Triangle E FI is to the 
Triangle JEFY as the Square of £1 to 

G z the 



the Square of JEYj but {by Prop, xii.) 
the Triangle £ F I is equal to the Paralle- 
logram P I M H ; and the Triangle AFY 
is equal to the Parallelogram PYMH; 
and thefe Parallelograms are to one ano- 
ther as PI to PY; wherefore the Square 
of £1 is to the Square of JE Y, as P I to 
PY. W.IV.D. 

'Tis the fame Thing if the Ordinates 
be taken on the other Side the Diameter, 
as e I $ for they are equal to the former. 
(By Prop, xiii.) 

Definition of the Parameter. 

•The Parameter belonging to any Dia- 
meter is a Third Proportional to any Ab- 
feiffa, as P I, and its refpe&ive Ordinate* 
as IE. 

COROLLARY. 

I t is evident that the Square of an 
Ordinate to any Diameter (%s M Y is an 
Ordinate to the Diameter PY) is equal to 
a Reftangle under the Parameter, and P Y 
that Part of the Diameter .which is con- 
tained between the Vertex P, and Y the 
Point where the Ordinate meets the D/*- 
meter. , i 

' J PROP. 
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PROP. XV. 

"If a Tangent, as E Q, be drawn tiro* the 
Point E of a Parabola, meeting any 
Diameter, as P<£ in Q- 9 and if thro 9 
the fame Point E, be drawn an Ordi* 
nate to this Diameter, J fay, TfQand 
PI are equal. 

Dr a w the Axis T F,and BT|a Tan- 
gent in the Point T, and PH a Tangen^i) 
P, which PH will be parallel to EL tin 




C) 



Prop. 
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Prop, xiii.) to which EI let TD be drawn 
" parallel, as lijtewife Af J-j EG* PO, pa- 
rallel to B A ; then (by Cor. 3. Prop. 1 .) 
tta Sqiiare of PQ, orBT* ^tach is equ^I 
to it, M t^the 9>wm ol.lfe *s TC> to 
TQ, or 3$ their PwWe* B£ to MG. 
And bec^fe of the Parallel Line?, the 
Square pf BT Is to the Square of £G as 
the Square of BD to the Square of GF$ 
therefore the Square of B D is to the 
Sgture qf Q £ as BR js to. M G ? and «>n- 
fecjUently 6 F js a meatl proportioiial be- 
twfca ^ t> apft M «. • \tx U H< Mwt r rf^ 

. S«$H#e of BT, or* the Square of LRt, i$ 
to the Square of G E as the Square of QL 
to the Square (jf MG; wherefore me 
Square of QL i$ tp the Square of MG 
as B D to MG ; QL therefore is a mean 
Proportional between the fame B D, M G ; 
and confequeptly G F and Q,£. are equal j 
and if to, thefe ty/o squal Lives be added 
the equpl Lines L 3 artd T G, as like wife 
the equal* Lines BP and TH, the two 
Sums will be equ^l ; that \s> PQ, will be 
equal to FH, which H equal to PI (from 
the Nature of parallel hines!} W ? W. J). 



PROP. 
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PROP. XVI. 

« Jtttbe Parabola AFB, wbofe Axis is 
t( AE, and Diameter BCj from the 
" Extremity B of t be Diameter B C, 
* draw BD 00 Ordinate to the Axis 
« AE. / fay, the Parameter of the 
** Diameter BC, exceeds tbeYaxamn- 
" ter of the Axis AE, by ^uadntfk 
** the intercepted Axis AD. 
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<c Having drawn B T touching the 
<c Parabola in B, and meeting the Axis in 
T $ B E perpendicular to the Tangent 
in B$ DjF parallel to BE ; and AC 
parallel to BT, which AC will be an 
cc Ordinate to the Diameter B C (by Def. 
cc Prop, xiii.) and confequently equal to 
cc TB (and BC = AT fron» parallel 
cc Lines) which is equal to AD$ (by 
" Prop, vii.) : But D E is equal to 
cc the Semiparameter 'of the Axis ( by 
" Prep.ix.) 

CQ L e t the Right Line P be equal to 
<c the Parameter of the Axis, andp equal 
<c tfltriie Parameter of the Diameter BC 
" Then (Prop. i. and Pro/), xiv. Cor.) A C £ 
cc is to BD#, as the Re&angle BCxp 
" istotheRe&angleADequaltoBCxP; 
<c But thefe Reft angles having equal Al- 
<c titudes, are to one another as p to P $ 
* c and, from the Similarity of Triangles, 
'* the Square of B T is to the Square of 
ic BD, as BT toBF s and BT is to BF 
" as ET to EDj but ET is equal to 
CQ DT, or DA twice taken, together 
" withDE, which D E is equal to i Pj 
" then^ T is to E D as a ET to z ED s 
cc but 2JET' is equal to 4DA + P, and 
2£D = Ps therefore ET is to ED as 
4D A + P is to P, ( and ex Equo} p 
" \yi^*e^i P as 4 D A + P i* to P* 

con- 



cc 
cc 
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" ^ p ^ u ^ ltly ' * u ** to * n A + ?• 

COROLLARY I. 

€C I t is evident (/row t bis Proportion) 
Cc that the Parameters of thofe Diameters 
<c which are farther diftanp from the Axis* 
cc are greater than the Parameters of 
** thofe Diameters which are nearer to it : 
" For the Square of BD is to the 

Square of A C, as the Parameter of the 
cc Axis A E to the Parameter of the Dia- 
H meter BC. 



cc 
cc 
cc 
cc 



cc 



PROP. XVII. 

In the Parabola B A, wbofe Axis is 
cc AC, draw any Diameter, 'u BD, 
" and FB from the Focus F to B, /A* 
Extremity of the Diameter BD. 
cc And the Right Line F B will be 
cc equal to \ of the Parameter; of that 



cc 
cc 



. > 



AE 



[ so] 

" AE $s eqwl to AF Qy tie Con- 

« ftruftion of the Parabola) which is 




W 



* equal to \ of the Parameter of the 
** Jto j j 9 and (*y /£* /*/? Profofitim) the 
C€ Parameter of the Diameter BD ex- 
ceeds the Parameter of the -rftfw by 
4 times A G ; but A £ is equal to j of 
** ihk Parameter of thejftffrj wherefore 
CE is equal to \ of the Parameter of 
the Diameter BDs but CE is equal 

* to 



cc 
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" to B p t which is equal to BF (by the 
** Generation cf the Parabola) therefore 
** B F is equal to j of the Parameter be- 
* * longing to the Diameter IkTi.W.W. D, 

COP-OLtARY, 

" Henge we have a new and very 
" eafy Way of determining the Parame- 
" ter of any Diameter-, for 'tis always 
** Quadruple of a Line drawn from the 
" Extremity of that Dimeter to trip 
fe fbeus of the Parabola, 
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TREATISE 

O F 

Conick Sections. 

Part IL 
The ELLIPSIS, 



the Generation of the 
ELLIPSIS. 

IF upon a Plane be drawn the Right 
Line IT, and biflefted in C, and 
the Points F and D be taken at 
equal Pittances from G : I fay, as many 
Points 
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Points as you pleafe of P, may be found 




r 

* » 



in fuch kn Order that two Lines, P F 
and P D, drawn from that Point P to. the 
two Points F and D, being join'd toge* 
ther, will be equal to the Line. IT. 

Divide I T any how into tWQ Part^ 
and make one of them the Radius of a 
Circle, whofe Centre let be F, and the other 
the Radius- of a Circle, whofe Centre let 
be D ; and with thefe Radii,and upon thefe 
Centres, defcribe two Circles, which will, 
inter(e& one another in two Points, as P, P* 
one of which is above 3 and the other below 
the Line 1 T, and at equal Diftances frond, 
it s and the Line POP which joins the 
two Points P> P, will be perpendicular tor 

- - * If, 
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IT* and after the fate Manner an in& 
nite Number of Points may be found, as 
P $ which was to be done. 

COROLLARY. 

1 1 is evident, that a Line parting thro' 
the Points P, P, will pafs thro* I and T, 
and that the Line PTPlf will include 
Space s and likewifb that aH the Lines, 
as POP, which are perpendicular to I T, 
and terminated by the Curve Line P, P, 
on each Side of the Line IT, will be 
biffefted in O by the flme Line I T. 

DEFINITION. 

i. The Curve Line PTFI is Called 
an EJlipfis. 

2. THfi Paiat C, tht Qnfte of the 

MUiffi*. 

j. Th£ Right Line IT, the frtof* 
Verfe Axis. 

4. The Right Line N CM, Perpendi- 
cular to IT* paffiag thtb* the Centre, 
and terminated by the Eltipjts, is called 
the Conjugate Axis. 

$. The Points Fantf Dj are olted 
fhe Foci. 

6. Right Lines drawn froth the 
Points in the Efflpjk perpendicular to tht 

Axes, 
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jSxcSj are Called Ordinate s to the Axes, as 
PO is an Ordinate to the Axis IT. 

7. A l l theRightLines which pafs thro* 
the Centre CL and are terminated at each 
End by the Elliffis^ are called Diameters. 

8. A Right Line, which meets the 
EUiffis only in one Point, is caffd a Sfttf- 
gent to the Ellitfis in that Point. 

LEMMA. 

I it every right-angled Tf iingle, as 
FOP, the Re&angle made by multiply- 
ing P H, the Sum of the Hypothenufe 




S.i.^i 




V ¥> and one Side, as F O, into MP their 
Difference, h equal to the Square of the 
other Side PO. 

Prom F, as a Centre, and with the 
Radius F O,' having defcribed the Cirde 
MOH, and drawn PF to H, the Side 
PO touches the Circle in O, becaufe the 
Angle at O is right ; wherefore the Red- 
an$e PM multiply^ into PH, is equal 
to the Square of PC ^ IV. D. 

PROP, 
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#bt Elfipfis being formed according to thi 
precedent Method ; the Square of any 
Ordinate to the Tranfverfe Axis, as 
tb, is to the KeR angle IOT, under 
the Parts of the Tranfverfe Axis each 
way from' the Ordinate, as the Keft- 
angle I FT is to the Square of I Cor 
CT< (Fig in Page 33.) 

Having prolonged F P to A, make 
FA equal to IT, and biffed it in R; 
from thafoint P, as a Centre, and with 
the Radiu^PD or PA equal to it, de- 
fcribe the Circle ADB, which will meet 
A F in B, and I T in G, if the Points 
D and O are not coincident > for fliould 
they be coincident, the three Points 
I>, O, G would coincide, and the Circle 
would touch the Line I T in O. But 
fuppofing- firft, that the three Points 
D, O, G are not coincident ; from the Na- 
ture of the Circle ADB, the Redfcaqgle 
F Ax FB is equal to the RecSangle FDx 
FGs wherefore FA is to FD as FG to 
F B y and their Halves F R or C T is to CD, 
as C O is to R P s and (by Compofition) C T 

is 
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is to CT + CD asCO is toCO +RP; 
confequently GT is to>CO as CT -f- 
CD is to CO-f RPj and farther {by 
Compfition) CTistoCT + CO (which 
added together, are equal to I 0) as C T 
-f- CD (which added together, are equal 
toID) istoCT + CD+CO + RP. 
But CT+CD + CO+ RP, or its 
Equal FR •+• RP +B6+CO is equal jfC 
to the Sum of F P and F O j wherefore A 
CT is to lO as ID is to FP 4 FO. 

1 n like manner, reafluming that Pro- 
portion above of CT to CD, as CO to 
R P, and, by Divifiott, C T is to C T — 
CD, as CO to CO— RPj .$nd confe- 
quently, CT is to CO as CT — CD is 
to CO — RPj and farther by, Divifion, 
CT is to CT •— CO (which is equal to 
OT) as CT -*■ CD (which is equal to 
DT) is to CT — CD — CO + RP. 
But CT — ' CD — CO -f RPi or its 
Equal FR + RP — FC — CO, is 
equal to the ; pifference of F P and FO ; 
wherefore CT is to OT as DT to the t 
Difference of F P and F O. 

N o w if the Proportion found above at 
the End of the' laft Article fave one, and 
that which we found tfflfcbe multiply'd 
one into another, AnMj^nt into Ante- 
cedent, and ConfequemSBwConfequent, 

' • : ~ D we 
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we (hall hwt tfce Square of CT to the 
Re&angle IOT as the Re&angle IDT 
to the Reftwgle FP + POx FP—^FO 
eqwl Qy *be preceed^ig Lemma) to the 
SquareofPO. tV.W.Ih 

I f the Points D, G, 6 coincide, the 
Demonftration will ftill be the fame $ for 
F G, F O, and F D will be equal. Which 
cannot make any Alteration. 

PRO P. II. 

Retaining the fame Figure ; the Reftangk 
IDT is equal to the Square of CM, 
which is half of the Conjugate Axis. 

Suppose MC be an Ordinate^ then 
/a ($9 the foregoing Prop!) the Square of 
CT is to the Redfengle ICT, i.e. the 
Square of CT, as the Reftangle IDT, 
is to the Square of M C. Therefore the 
Square of MC is equal to the Re&angle 
IDT or I FT, which is equal to it. 
fP.fT. D. 
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PROP. 
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* 

Prop. hi. 

Stilt fit dining the fame Figure, frbt Square 
of the Conjugate Axis NM, is the 
Square of the franfverfq Axis 1 T, as : 
the Square of PO an Ordinate to. the 
Tfcmftretfe, to the Reft angle IOT. 

The SquaiieofCT(Prqp.i.)is ttftfefc 
Reftangle IDT, which is equal Qy the 
preceding Prop.) to the Square of CM, a* 
the Re&angle IOT to the Squtte of 
P O ; but the Square of I T is quadru- 
ple the Square of C T, said tfie Square off 
NM, is alfo quadruple the Square of 
CM ; therefore the Square of 1 T fe to 
the Square of NMaithefte&anglc IOT 
to the Sqtrarfe of PO. fr.IV.D. 

9 

PROP. IV. 

Still retaining the fame Figure as dove, 
the Square of P Q, which is an Ordi- 
nate to the Conjugate Aafo* is to the 
Reft angle N QM, as the Square of the 
Sranf&rfe Axis IT, is to the Sqttare 
of the Ceirjttgote Axis K MI. 

4 

By the firjl and feaorid Preptfa-iott, th* 
Square of CT ii to the Square of CM 

D a as 
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as the Re&angle IOT (which is equal 
to the Square of C T lefs the Square of 
CO) is to the Square of PO; and, by 
Divifiofty the Square of CT is to the 
Square of C T lefs the Square of G T 
more the Square of C O, as the Square 
of C M is to the Square of C M lefs the 
Square of PO$ and, by the preceedihg 
Propofition, the Square of I T is to the 
Square of N M, as the Square of G O or 
P Qjs to the Re&angle N QM (which is 
equal to the Square of C M lefs the Square 
of POor CQ.) IVJV.D. 

DEFINITION. 

A third Proportional to the . two 
Axes is call'd the Parameter of that Axis 
which ftands firft in the Proportion ; thus 
if the Tranfverfe Axis IT be to the 
Conjugate N M, as the Conjugate NMi$ 
to a Right Line YT, this YT is called 
the Parameter of the ^tranfverfe ; but if 
NM (See Fig. in Pag 41) be to IT as 
I T to another Line, that Line will be 
the Parameter of the Conjugate. 

2. The Figure of an Axis is a Red- 
angle under that Axis and its Parameter, 
as the Figure of the tranfverfe IT is 
theReftangielTY. 

'. * * 

CO- 
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COROLLARY. 

I t is evident, that the Square of one 
of the Axes is equal to the Figure of the 
other Axis. 

prop, y . 

Suppofing the Ellipfis conftrufted as above, 
the Square of P O, an Ordinate to the 
Axis IT, is equal to the Reft angle 
OTXV under TY the Parameter £*- 
longing to this Axis, andOT the Part 
comprifed between the Extremity T and 
O, the Point where the Ordinate meets 
the Axis, lefs the Kelt angle VXYZ 
which is fimilar, andfimilary pojtted to 
the Kelt angle I Y (the Figure of I T.) 

V 

The Square of N M (by Prop.iii aadiv.") 
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is to the Square of IT, as PO q is to the 
Reftangle I O T; but (tyttt Property of the 
Parameter} the Square of NM is to -the 
Square of IT, as YT is to IT; and as 
YT is to I T, fo alfo is VO to IO i or 
rather the Rectangle VOT to the Rect- 
angle, IOT, having TO for their com* 
raon Altitude, and Qy Proportion of Equa- 
lity) theSquareof POis to the Rectangle 
I O T as the RecVangle V O T X Is to the 
Reflangk IOT: Wherefore thfe Square 
ofPOiseqtultotheReftangleOTXV, 
which is lefs than the Rectangle O T Y Z 
bj; the Reftaoele VY, which V Y is «- 
milar and fiinilarly poiited to the Figure 
It. fP.W.D. 



PROP, 
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PROP. VL 

M the Diamaers, as PR, are biffeffef 
in the Centre C. 

If it be poffible for CP to bcff^^ 




than G R, make C^ equal to C R; and 
having drawn to thb Foci the Lines Ep y 
Dj>, ER, DR, and EP, DR, the two 
Triangles CD/) and CER will be equal 
and fimilar, as likewife will the Triangles 
CDR and CE/>, for CD,CE, and Ck, 
C/> are equal; wherefore ER is equal to 
Dp, aftd DR to Ejp ; the Sum therefore 
of Epy Dp will be equal to I T $ for the 
Statu of E R, D R is equal to it (from the 
Generation of the EllijJfis) but the Surii 
of EP, t)P is alfo equal tolTj there- 
fore the Sum tp 9 Gp is equal to the Sum 
of ftP, D P, which is abfurd. Where- 
fore the Propofition is true. 

D 4 PROP. 
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PROP. VII. 

A BJgbt Line, asSl, being perpendicular 
to the franjverfe Axis, and meeting its 
Extremity I, touches the Ellipfis in that 
- Point. 

Fo* if SI dd not touch the Ellipfis in 




the Point I only, but meet it in fome 
other Point, as S $ having drawn the Lines 
F S, D S, to the Foci >from the Generation, 
the Lines F S and D S added together will 
be equal to I T ; and becaufe the Triangle 
F I S is Right-angled at I, F S is greater 
than F I ; wherefore D S muft be kfs than 
T F or D I, which is abfurd ; for D S fub- 
tends the Right-Angle I in the Triangle 
D I S. Therefore the Propofition is true, 

PROP. 
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PROP. 1011. 

27>e fame Itbings being fuppofed as in the 
firft Propofition, draw the Line DA, 
and bijfctt it in £, and then the Line 
PE will touch /fa £Uipfis in tbt'PointV. 

r "• * 

I f P £ do not touch the Ellipfa in the 



t| 




Point P, it will meet it in fome other Point 
zsp (Jby the Generation) Fp, p D added to- 
gether will be equal to F P and PD added 
together, which is equal to J? A $ but p D 
is equal to p A* for p E is perpendicular, 
to AD, and biftefts it ; wherefore Fp and 
pA together will be equal to FA, which 
is abfurd; for the two Sides of the Tri- 
angle F^A can never be equal to the 
other Side FA; therefore the Line PB 
touches thsElltpjts in the Point P. IVW.D. 

PROP 
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PR O P. IX. 

Jm to EUif fi«, at I P T, *A?«? aw** be 
dr fui* 4k#v» one LiH$ t awPE; tvbicb 
vM frtok tU EilipGi ; *> the Jawe 
Point P. 






J 4 1 * * 



Suppose it be otherwife, and that 




ii' •. 



the LineP* touch the &ii%fis at the 
Point P i'FMm'the Fodus D, having 
drawn D * Perpendicular to P $, and from 
«he Centre- Fy add with the Radius F i 
equal tor I<Tj : tafl^defctib'd the Circle 
S* meeting J>* in a* and having Vtiket* 
etf D ■* in e> draw F a meeting the M^ 
in an* Pdirit as * j then drfcw Df and ?*-, 
ifhich j^gmottgh e ike Point of BiP- 

feclion 
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ft&ion of the Line Da, wiU be perpen- 
dicular .to T)a j for Dp and pfl are equal 
(7>jf (£» Generation of tbt EUipfis) where- 
fore the Line p* will touch the Ellipfis (by 
tie precedent Proportion) at the Point p$ 
but Pi is alfo perpendicular to Da; 
wherefore P b and p e wiU be parallel ; 
and the Tangents PA and pe can never 
meet one another but without the EUip- 
fis ; and the. £Wpj£r -panes through the 
Points P, p j wherefore ifhVJLine'F* pa- 
rallel to pe will neceuarUymeet the Lines 
Fp and D p within the EJlipJts ; P 2> there- 
fore pafles within the Ellipfis, and will 
not touch it m was fuppofed : That Line 
cannot be joined to the Tangent p #,' for 
then it would meet the TrSpjTi In two 
Points P, pi therefore there can be but 
one Line, which {hall touch an E/Iipju, 
\a the fame Point, 






PROP. 
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PROP. X 

fbe fame fbingsheingfuppo fed i the An- 
gles ¥pV> and B^#, made by the tan- 
gent pe 9 and the Lines pV and pD 

. drawn from p, the Point of Gontafi to 
the two Foci are equal. 

The Triangle Dp a is Ifofcelar, and 




f e bifle&s the Bafe ; wherefore the Angle 
Dpe is equal to the Angle ape± but the 
Angle F/>P is equal to the^ngle ape± 
therefore F/>? is equal to D^ IV. IV.D. 



• \. 



CO- 
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COR O.L'L'A R Y. 

• 

1 f the common Angle FpD be added 
to the two equal Angles, it is evident, 
that the Angle ep F will be equal to the 
Angle D^P, 

PRO P. XL 

Suppofing ftill the fame things, iftbeJTun* 
gent PE meet the Axis IT, in Hj / 
f*y% CO is toCT, as CT to C H. 

T o the Points F, C, H, having drawn 




F G, C R, and H V parallel to DA ; FA 
will be bifleded in R, feeing FD is bif- 
fe&ed in C : From fimilar Triangles FP 
is to AP, as FG is to AE, or its Equal 

DE, 
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I)E, andFGistoDE as FH to D^J^ 
and FH» to DH,asFV to VAi where- 
fore ex equoVVls to PA, as F V to VA; 
and by Divifttn FP — PA (which is 
etjaaj to twice R P) is to PA, as FV — - 
V A (which is equal to FA) is to V A ', 
but z RP is to FA, as their Halves, via. 
R P is to R A ; wherefore ex equo R P. 
PA::RA. VA. By Compofition, RP. 
RP -fPA(=RA) :: RA, RA 4= 
VA* RV. Therefore the Lines RP. 
RA, and RV are continual Proporti- 
onals j wherefore the Square of RA U 
equal to RPxRV. 

• N»w from the Nature ef the Circle^ 
AS DM, as in the firjl Propojition, which 
meets the Zranfverfe I T in D and S, or 
in the Point O only, if O and D coincide; 
then- FD will be to FA as FM to FS $ 
and their Halves CD. RA:: RP. CO. 
Hut CD. RA::CH. RV; wherefore 
ex equo CH. RV::RP. CO, and the 
Rectangle of the Extreauw and Means' 
^ being, equal CH X CO = RP x R Vj 
'"tut in tlie preceding Article RP x RV 
Was demonstrated to be equal to the Square 
of R A, which R A is equal to CT ; for 
ifrpm the GemtalioH of the Ellipfis) F A 
wit i wherefore CO. CT::CT.CH. 
W, W.JX 

z 

CO- 
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COROLLARY. 

Seeing the Lines CO, CT, CH 
are in continual Proportion, by inverting 
the Method of the Demonftration of the 
firft Article of this Propofition, it will be 
eafy to demonftrate, that I O is to OT 
as IH to HT; for having found that 
FV. VA::FP. PA. 'tis demonftrable 
that RP, KA 3 R V will be in continual 
Proportion. 

The Line IH is faid to be harmoni- 
cally Divided in the Points O and T. 



PROP. 
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PROP. XII. 

The fame Things being always fuppofed ; 
Jf the Tangevit PE meet the Conjugate 
Cfcxis in V, having drawn JfQan Or- 
dinate to this Axis: Ifay> CQ^ is to 

CM, tfjCMwroCV. 

# * * 

I t is evident (£7 the foregoing Propofi- 





tioit) that the Square of CO is to the 
Square of CT, as CO is to CH; but 
Qy Prop, iv.) CO?, or QP;. CT;:: 
C M q ' — C <£; = Re&angle C QM. 
CM;; and from fimilar Triangles CO. 
CH :: VQ. CVi wherefore, ex eqtto 9 
VQ. CV::CMO-CQf MCf 
By Divifion C V. C V — V QC = C QJ 
::CMj.CMq^C M q + C Q3 /. *. 
CV.'CO:: CM;. CQ?i wherefore 
CO. CM : : C M, C V. W. IV. D. 

PROP. 
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PROP. XIII. ■- ! 

/# *te Ellipfis IPT* the Axia wiwwf « 

IT, and BT <i Tangent to it at the 
Extremity T, #»<* PA, another Tan- 
gent j meeting the Tangent BT in A, 
and the Axis in H. If 'through P, the 
Point of Contafi of the Tangent PA, 
he drawn the Diameter C P meeting the 
Tangent T B in B j *fo Triangles 
¥ AH and T AH are equal. 



B Prom 

I-j- ..vVj'..- 



F r o m the Point T having drawn T D 
parallel to the. Tangent PH> and PO an 
Ordinate to the Axisj from the Nature cf 
Parallels, CD. CViiCT.CH. Bat & 




Prop, xi.) CT. CH :: CO. CT. And 
CO. CT : : CP. G B > wherefore (ex equo) 
CD. CP:: CP. CBj and for the fame 
Reafon, CD. CP::CO. CT; in like 
mafmer,CV.CB::GT.<2H. Therefore 
theJLines D 0, P T^B H will be paraflel to 
one another, and the Triangles PTBand 
PTH, which have a common Bafe upon 
one of the Parallels, and tffeir Altitudes 

termi- 



terminated by another, will be equal to 
one another; from which fubduft the 
common Triangle PAT, and the Re- 
mainders P AB and T AH will be equal. 
W. IV.D. 

COROLLARY. 

I t is alfo evident, upon the fane Ac* 
count, that the Triangles P D T, and P O T 
are equal to one another ; and if to these 
be added the equal Triangles P T B, 
P T H, the Quadrilateral Figure P O T B 
will be equal to the Quadrilateral Figure 
PDTHj or rather, by adding the lame 
equal Triangles to the fcme Triangle 
POT, orPDT, the Quadrilateral Fi- 
gure POTBwill be equal to the Triangle 
O P H,or the QuadrUateralFigure P D TH 
equal to the Triangle D T B. It is like- 
wife apparent that the Triangle CTB if 
equal to the Triangle C P H. 




E* CO 



COROLLARY II. 

Having drawn the Tangent lb $ it 
is evident that the Triangles ¥ab y I a H 
are equal ; for I £ is parallel to B T ; where- 
fore the Triangles C lb, CTB are fimilar, 
and (the Side Clin one being equal to 
the homologous Side CT in the other) 
are equal too : Therefore the Triangle CI* 
will he equal to the Triangle C PH, which 
is equal to the Triangle CTB; and if to 
thefe equalTriangles be added the common 
Quadrilateral Figure I C P *, the Triangles 
Tab 9 laH will be equal. But it is further 
evident, that what hath been demonftrated 
in the Triangles comprehended between 
the Lines CT andC P, may after the fame 
manner be demonftrated of thofe compre- 
hended between C I and C R ^ for the Tan- 
gent in the Point R muft be parallel to P H 
touching the Ettipfis in P ; for the Trian- 
gle C P H is equal to the Triangle CTB, 
which is equal to the Triangle Clb, And 
fuppofing that the Tangent in R meet the 
Jtxis in b (whicMPoint is without the Fi- 
gure) it will be eafy to demonftrate, after 
the fame manner as above, that the Tri- 
angle C I b is equal to the Triangle C R b ; 
wherefore (ex equd) the Triangle CKb is 
equal to the Triangle P C H $ but in thefe 

equal 
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equal Triangles, the Angle R C I is equa* 
to the Angle P C H, and G R, one of the 
Sides which comprehends the equal Angle, 
is equal to C P of the other (by Prop* vi.) 
wherefore the Triangles are fimilar, but 
fubcontrarily pofited; Kb therefore is 
parallel to P H, its homologous Side. 

LEMMA. 

Let there be a Triangle, ^CTB, wbofe 
Side GT being prolonged tol 9 let CI 
be equal to C T ; from the Points O, Q 9 
taken at Pleafure in the Side C T, 
drawing O P, G F parallel to T B $ J 
fay 9 The Re ft angle IOT, Is to the 
Reft angle IGT :: As the Quadrilate- 
ral Figure O T B P, To the Quadrilate- 
ral Figure GTBF. 

CT q. COq :: Triangle CTB. Tri- 




angle COP> and, by Divifion, GT? — 

* 3 COq. 
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COf C T y ;: Triangle CTB — Tri« 

angle G 6. P. Triangle C T B, after the 

fame matuur GT;. CQq:: Triangle 

CTB. Triangle CGF, and, iy Divifion, 

CTq. C Ttf — ? CGf : : Triangle CTB. 

Triangle CTB — CGE; wherefore,** 

equo i €T# — COq. CTf — CGq ;: 

Triangle CTB— Triangle COP (which 

is equal to the Quadrilateral Figure 

O T B P) Triangle C T B — Triangle 

CGF (whjch is the Quadrilateral Figure 

GTBF) But CTf-r CO? is equal to 

theRettangle IOT, and likewife CTq 

— CCqis equal to the Reftangle IGT, 

feeing I T is divided into equal Parts at 

the Point C ; wherefore the Reftanglp 

IOT. Re&angle IGT :: Quadrilateral 

Figure OTBP. Quadrilateral Figure 

G TBF. Which was to bt proved. 










> >c * S ' *RQP« 



v. 



PR O P* XIV. 

Jf from any Point £ in the Ellipfis, £« 
drawn LEM parallel to the tangent 
PH, <«ri HUG parallel to. tie Tangent 

• B T ; //<*7» 'fo triangle EGM is equal 
to the Quadrilateral Figure GTBF. 

By reafon of the parallel Lines, the 




Triangle POH. Triangle E GM : : POf. 
E G q ; but it is evident (by the third Propo- 
fitiori) that P O q. E G q : : Re&angle I O T. 
Reftangle I G T j and became I T is di- 
vided into two equal Parts in the Point G 
- ' E 4 (ty 
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( by the Lemma ) the Re dangle IOT. 
Rectangle IGT :: Quadrilateral Figure 
OTBP. Quadrilateral Figure GTBF, 
and,«: ;j«Ojthe Triangle POH. Triangle 
EGM :: Quadrilateral Figure OTBP. 
Quadrilateral Figure GTBF: But Ch 
Cor. i. Prep, preced.) the Triangles POH 
is equal to the Quadrilateral Figure 
OTBP : Therefore the Triangle EGM 
is equal to the Quadrilateral Figure G T 
B F. W. W. D. 

Ie the Point E fall in e (SeeFig.P.$9) 
it may be d em onfi rated, that the Triangle 
cgM fhall be equal to the Quadrilateral 
Figure gTBfi for eg is fuppofed to be 
an Ordinate to the Axis. And if the 
Point g cut the Axis fomewhere in C I on 
the other Hand of C (See Fig. in Pag. 6 2) 
it may be demonftrated after the fame 
manner, that the Triangle egM is equal 
to the Quadrilateral Figure g I*/; for the 
fame Demonftratiqn will ferve for all, 
only by confidering what was faid in the 
fecond Corollary of the precedent Propo* 
fitioa. 



PROP- 
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PROP. XV. 



u Retaining tie firfi Figure in the lafi pro- - 
g pofition, tbeS'riangle'E'L'F, or eL.f, 

( is equal to the Quadrilateral Figure 

) LPHM. 

I 

I. The Triangle CTB (by Cor. i. 
Prop, xt ii.) is equal to the Triangle C P H, 
and (See Fig- in Pag. 59) from thefe two 
; equal Triangles taking the common Qua- 
drilateral Figure C G E L, and taking far- 
ther from the firft, the Quadrilateral Fi- 
gure GTBF; and from the fecond, the 
Triangle £GM equal to that Quadrilate- 
ral Figure (by the precedent Proportion') 
there remains the Triangle ELF equal 
to the Quadrilateral Figure LFMH. 

iv.w.v: 



2. If 



2. 1 f the Point £ be on the other Side 
of T with regard to F, and the Point L 



Wfr' 




V 1. -» 



fall always upon CP; from the equal Tri- 
angles CTB 5 CPH fubdu&ing the com- 
mon Triangle CML, and from the firft 
Remainder, taking the Quadrilateral Fi- 
gure 6TB F. and adding the Triangle 
EGM, which is equal to it, we (hall 
have the Triangle ELF equal to the 
Quadrilateral Figure LPHM. 

3. But if the Point E be in e on the 

\khet Side of P with regard to T (fig. 

Prop, xiv.) and the Ordinate eg fall upon 

cr 
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<3T the Triangle *gM (tyPir&p. xiv'J if 
equal to the Quadrilateral Figure gT %f£ 
and if from thefe Equals, the common 
Figure/g G EL be taken, and farther the 
Triangle EG JV1 be taken from the fifft, 
and the Quadrilateral Figure GTBF 
equal to the Triangle EGM be taken 
from the fecond, there remains the Tri? 
angle efh — EFL j but tlje, Triangle 
EFL, from what was demdrtftrat^d a- 
bove, is equal to the Quadrilateral Figure 
LPHM; wherefore the Triangle em L is 
equal to LPHM. . : - /\ 

B v t if in the precederitCafe the Point 
M fell upon the Axis between the Centre 
and the Vertex T, the Triangle (Set Fig, 
P. 65) *gM being equal to the Quadrila- 
teral Figitffeg.T B/ j if the common Qua- 
drilateral Tigure/g ML be taken from 
thefe Equals, there will remain the Tri- 
angle e L/ equal to the Quadrilateral Fi- 
gure LMTB y from which if GTBF 
be taken, and the Triangle EGM, which 
is equal to it, be added, the Triangle 
ELF will be equal to the Quadrilateral 
Figure LMTBj and confequently the 
Triangle e L/, which is equal to the Tri- 
angle ELF, is equal to the Quadrila- 
teral Figiire LP H ML ' 

I k dm laflPho^if tbc Poim$fall ufw* 
C I (fee Fig. Pag. 6a) *? Vtirn^ *9*> 

is 



*/ 
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is equal to the Triangle alH {by Cor. ii- 

Prop. xiii.) and if from thefe two equal 
Triangles be taken the common Figure 
a P L eg I a 9 and farther from the firft the 
Quadrilateral Figure e gib fa and from 
the fecond the equal Triangle ^M Qby 
Prop, xiv.) there remains the Triangle 
e iSf equal to the Quadrilateral Figure 
LPHM. JV.IV.D. 

F o r all the other Cafes,where the Point 
L falls upon C R, the Demonftration will 
be the fame, as any one will eafily perceive, 
that confiders what vfp have (aid in, 
Prop. xiii. Car. ii. and if the Point L fall 
in C, the Point E will be in S or in V 
(the Line V C S being parallel to P H) and 
then the Triangle C/S will be equal to 




the Triangle CPH; which I think is 
snore than fufficient for the Demonftrati- 
on of this Propofition. 

PROP, 
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PROP. XVI. 

In an EUipfis, wbofe Axis is I T, all the 
Right Lines) as Ee parallel to a San- 
gent as P H, which meets the Axis in 
H, are cut into two equal Parts in L, 
by the Diameter RCL drawn through 
the Point of Contad. 

Having placed all things as in the 




former Proportions it is evident, by the 
fame Proportion ^ that the Triangles ELF 
e L/ are equal to one another ; for each 
of them is equal to the Quadrilateral Fi- 
gure LPHM, and they are alfo fitnilar, 
by reafon t of the Parallels that compofe 
them-, wherefore EL = e L. W.W.D. 

PROP- 
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PROP. XVII. 

Tbe fame firings being fiill fuppofed ; If 
* . tbe Diameter V C S be drawn parallel 
to the Tangent PHj I fay, As MS 
Square Is to R P Square ;; Jk isElL 
Square To tbe Re ft angle RL P. 

The Triangle C Sf is equal, by Prop. 
xrv. (See Fig. in Pag. 64,) to tbe Triangle 
CPH; and the Triangle LEF is equal 
to the Quadrilateral Figure LPHM^ and 
the Triangles CS/, LEF are fimilar ; 
wherefore they are to one another C S q. 
L,Eq, therefore C S q. LE^:: Triangle 
CPH. Quadrilateral Figure LPHMj 
but becauie RP is bifle&ed in C, the 
Triangle CPH. Quadrilateral Figure 
LPHM::CP?. Reftangle RLP (by 
Lemma Prop, xi v.) wherefore C S q. L E q : : 
CPq. Reftangle RLP; or rather C S q. 
C P q , or their Quadruples V S q . R P q : : 
LE?. RedtangleRLP. 

I v the Point E be in 1, and L fall upon 
CR, prolong /L to L; it may be de- 
monftrated after the fame manner that 
ILEq. ReftangleRLP :: as VSq. RP; 
bat (by tbe precedent Prop!) #L — EL; 
tberefore tbe Propofition is true. 

PROP. 



[ «7 1 

PROP. XVIII. 

Still fuppofing the fame Things $ If the 
Right Line Ee be dfawn parallel to the 
Diameter R P ; / fay, that E e is bif- 
fefted in O by the Diameter V S $ and 
that the Square of R P Is to the Square 
of VS, As the Square of EO Is to the 
Kelt angle V O S. 

Having drawn EL and e I parallel 
to V S ( by the foregoing Proportion ) 
E L q. Re&angle R L P : : e Iq. Redtangle 
R/P$ but E L = e I 5 wherefore the 
Re&angle RLP equal Reftangle R/P, 
and confequently the Lines CL, C/ are 
equal, as alfoEO, iO, which are equal 
to them, which was the firfi Thing pro- 
pofed. 

Secondly, By the preceding Pro- 
pofitktt, GP& CSq::Cfq~Ckq. = 

Re&angle 



C 68 ] 




ReftangleRLP. L,Eq -»by Diviftou CP?, 
CVq — Reftangle = RLP = CLy, or 
EO^ :: CSq. CSq — L.Eq t or COq. 
(which is equal to the Rectangle VOS) 
therefore C?q. CSq :: or their Qua- 
druple R P 0. V S ? : : O E q. Rectangle 
VOS. W.IV.D. 



COROLLARY. 

I t is evident that the Line SX parallel 
to O E, and drawn through S, the Extre- 
mity of the Vertex of the Diameter V S 

touches 



Ellipfis in the Point S, which is the Con- 
verfe of the preceding Proportions. 

DEFINITIONS 

» 

L The Diameters RP, VS, wfcfcfe 
Properties are demonftrated in the two 
foregoing 1 Proportions, are calPd Qonja- 
gates to one anothef . 

II. The Line EL parallel to one of 
the Conjugate Diameters^ as V S, is called 
an Ordinate to the other Conjugate Dia- 
meter RP; and reciprocally EO is an 

Ordinate tq VS. 

< 

III* If you make as RP. VS :: VS. 
PM; this third Proportional P M is 
called the Parameter of the Diameter R P j 
and after the fame manner for the Diame- 
terVS} from whence it is apparent, that 
the two Conjugate Diameters are mean 
Proportionals between their Parameters. 

IV. The Re&angle contain'd under 
a Diameter R P and its Parameter P M, 
as R M, is called the Figure of the Dia- 
meter RP, 



PKQP. 
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PROP. XIX. 

tfbe Square of EL, an Ordinate to the 
Diameter R P, is equal to the Keft angle 
PN> apply'd to the Parameter of this 
' ftiameter, which hath PI* for its Atti- 
*» tude y arid is lefs than the KeSiangle 
LM by the He fiahgleNM> which is 
fimilar to 9 and pofited fimilar to the Fi- 
gure&M. 

By cither of the two foregoing Propqfi-. 



k „ 




tions 9 RP?- VSq :: Reftangle RLP 

L-JB« ;AP & P *• VS ? ::RP. PM, 

and 
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and RP. PM:: RL LNs but Red- 
angle R L P. Redangle N L P ;: R L. 
N L j wherefore Redangle R LB. L E q : : 
Redangle RLP. Redangle NJLPj the 
Square of the Ordinate £ £, therefore is 
equal to the Redangle N L P. W. #< £. 



PROP. XX. 

In the Ellipfis A D B E, if two Right Lines 
HI, FG be drawn parallel to two Con* 

' jugate Diameters AB, DE, meeting 
one another /»,R, # P tint, without the 
Ellipfis j / fay, the Re ft angle H R I. 
Reftangle FRG :: ABq. BEq. 




Having drawn F L, G M Ordinates 
to* he Diameter E D, they will be parallel 
to'A B j (*y Prop, xvi, or xvii.) and L F q. 
0\q :: Redangle ELD. Redangle 

F 2 EOD, 
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EOD (by the fame Propefitioii) and if 
the Point R be without the Ellipfis ; by 
Divifion, L F j — O I j = Rectangle 
HRI. OI}:: Rectangle ELD — ReiS- 
angle E O D=Reftangle L O M or F R G. 
EOD. But if the Point R be in the 
Ellipju ; hy DMJloii, O. I j — LF{ or 
OR} = Reftangle HRI. OI j :: Re<a- 
angleEOD— Reftangle E L D = Re<2- 
angleLOM or FRG. Rectangle EODj 
But O I q. (ty Prop, xvi, xvii.) Reftangle 
EOD :: AB? EDj; wherefore the 
Reftangle- HRI. Rectangle FRG:: 
ABj. EDj. IT.ir.D. 
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TREATISE 



O I? 



Conick Sections. 



Part HI. 



The HTTERBOLA. 

Of the Generation of the 
HYPERBOLA. 

Jf upon a Via** the Right Line IT he 
drawn, and biffeHed in C, and the Points 
F andD be taken at equal Diftances from 
C in the fame Line produced hath Wajs% 

F S J" 
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you may find as many Points as you 
pleafe, as Yp 9 fo difpofed that the RJgbt 
Line PF Jball exceed YD by the Line 
T, or p D Jball exceed pY by the fame 
Line I T. 

TAKE FP as great as you pleafe, 
provided it be not lete than F T, 
and then the Difference betwixt F P and 
I T will be always greater, or at leaft equal 
to D T $ wherefore if the Point F be made 
the Centre of a Circle^ whofe Radius let 
be FP, and D the Centre of another 
Circle, whofe Radius let be DP, thefe^ 
two Circles will neceflarily interfedt one 
another in two Points, as P, oo each Side 
the Line IT; 6v at leaft Hvill touch one 
another in the Point T, in cafe P and T 
coincide - 9 for then F T and D T will be 
the two. Radii ; and thus you will find 
different Point* as P, if yoti 'take the 
Lines FP different from one another. 
After the fame manner may be found as 
many pDirtts p ks fhall be defired. 

COROLLARY. 

I t is eyident3 by this Generation, that 
the Right Line which joyns the tw^Pdfljs 
Ydt% the InterfcftioB&of the twoCfr- 

cte*, 



J J it - 



C* 

f 
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cles, will be perpendicular to FD, and 
hifie&ed by it : Wherefore it is evident 




that the Points P,/> will form a curved 
Line, which will pafs through T, and 

F 4 the 
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the Points P, f another, which will pais 
through I : Moreover, any one will eafi- 
ly fee, that the Lines P T P, and pip 
will not include Space, neither both toge- 
ther, nor one alone ; and that they en- 
creaie infinitely, and run off continually 
from the Line I T, -and are continued 
from the Point C, one on one Side, and 
the other on the other. 

DEFINITIONS. 

I. The Curved Lines P T P, f I/>, are 
each of them feparately called an Hyper- 
bola, and conjoyntly Oppofite Hyperbola's. 

II. The Point C is called the Centre 
of the Hyperbola, or of the Oppofite Hy- 
perbola % s. 

III. The Right Line IT is called the 
Determinate Axis. 

IV. The Right Line NCM, which 
pafles through the Centre C, and is per- 
pendicular, to 1 T, is called the Indeter- 
minate Axis. 

V. T h e Points F and D, the Foci. 

VI. T h e Right Lines, as PO, drawn 
from thepoifits of one Hyperbola, or the 
-' , '- - Oppofite 
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Oppofite Hyperbolas perpendicular to one 
of their Axes, are called Ordinate to 
that Axis. 

VII. A l l the Right Lines which pafs 
through the Centre C, are called Diame* 
ters, tnofe which meet the Oppofite Hy- 
perbola's are Determined, and thofe which 
do not, are In deter mined. 

VIII. A R i g h t Line which meets the 
Hyperbola but in one Point, and does 
not pais within it, is called a Tangent to 
it in that Point. 



PROP. I. 

The Hyperbola being formed, I fay, that 
the Square of PO, an Ordinate to the 
determinate Axis I T, is to the Rett- 
angle IOT, as the Rett angle 1FT, 
or TDI, wbicb is equal to it, to the 
Rett angle ICT, wbicb is t be Square 
of CT. 

Draw the Line FP, and prolong it 
to B> fo that P Bmay be equal toBDj on 
P as a Centre, and with the Radius BD 
defcribe the Circle BGD, cutting FP in 
A, and IT in D and G : FA will be 

equal 



equal to IT, fy tbe Generation ■> Which 
lee be divided into two equal Parts in R. 
By reafon of the Circle ADGB, the 
Rectangle F A x F B = the Rectangle 
F:D x &Q. Wherefore F A', FD ;: 
F<3. FB, and confequently their Halves 
FR ar CT. CD::CO. RP; and, by 
Ccfitpefition, CTVCT+CD:: GO. CO 
-f RP i and alternately C T. CO : : C T 
-f CD. CO-fRPj and farther, by 
Gmpfmn, CT. CT -f CO = I O :: 
CT + CD =*ID.€T + CD = ID 
+ € O + R P. : But C T -f C D -f 
CO + RP, or their Equals FR, FC, 
CO, RP being added together, are = 
FP -f FOj therefore CT. LO :: ID. 
FP + FO. 

I n like manner, taking the Proportion 
above, CT. CD :: CO RP. byDivifien, 
CT.CD — C T :: C O. R P — CO, 
and alternately CT. G O : : C D — C T. 
R*P — CO j but farther', by jpwpii, 
C T. CO — <3 T ( — O T) : : CD — 
CT (= DT.) RP — CO — CD -f 
CT: But RP-CO-CD-fCT, 
or their Equals RP — CO — FC-f- 
FR, are equal to the Difference of FP 
miF4* r wherefore CT. 0T::DT. 
FP;- 



I* 



*«— . 



','.-.• * - 



»• » # 
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Is the laft Proportions, in the two 
preceding SedKons, be multiply'd into 
one another, Antecedents into- Antece- 
dents, and Confequents into Confequents, 
we mail have CT?. Rectangle IOT :: 
Re&angle IDT Aeftangle FP + FO x 
FP — FO = FP^ — FQa'c* PO? (-by 
the Lemma, Prop. i. Ellipfit) W. W.J). 

If the Circle BDA touch IT in D, 
*. e. if the Point O fall upon the Point D, 
which is the fame thing, the Demonftra- 
tton will be the fame,but ft ill more fitnpk ; 
for by that means, more different Quanti- 
ties would become equal. 

COROLLARY. 

I t is evident, that the Squares of the 
Ordinate* to the Axis, are to one another 
as the Rectangles contain'd under the 
Parts of that Axis, comprehended between 
its Extremity and the Points where it 
meets thdfe Ordinate*. 



PROP. 
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PROP. II, 

He Right Line Pp drawn between the 
oppofite Hyperbola's, parallel to the 
determinate Axis I T, meets the inde- 
terminate Axis NM in a Point, a s P M ; 
which Point M divides Pf into two 
equal Parts. 

This Propofition is fufficiently evi- 
'dent/ww the Conftruftion (SeeFig.Pag. 75) 
for if D be made the Centre of a Circle, 
and F P its Radius, F the Centre of 
another Circle, and D P its Radius, the 
two Circles will interfeft one another at 
the Point p ; fo that p being drawn at 
Right Angles to the Axis 1 T, will be 
equal to FO, and iikewife *M will be 

DEFINITION. 

I f you make as CTj. Rectangle 
IDT :: CT. T* j the Line TV double 



v * 
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of T* is called the Parameter of the de- 
terminate Axis. 

And 



:[8z) 
A n d the Rectangle I V, made by the 
Axis I T and its Parameter, is called the 
Figure of that Axis.- 

COROLLA R Y. 

I t is evident, that the Figure I V is e- 
qual tofourtimesthcRe&anglelDTj for 
putting CT, or CI #= a, and DT = X; 
then, by the Definition of the Parameter, 

zWx + aXX 
a . zax-\-xx :: a. -4r— — ' j which 

. . .... • +a l x + zaxx 

being doubledj gives ; = 

Paraueter-y which multiply'd by 2.a — I T» 

8 a' x + ±a l xx ... . 
gives -j-2 — which is mani- 

feftly quadruple the Kciftangle IDT = 
zax~\-xx. -, 



PROP. 
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P k O P? HI? 



•W^*W ?/ PO, op Ordinate to tbedh* 

terminate Axis I T, is eqttat to the 

• Reftatr^leO T X Y, appfy'd to the Pa- 

■ '■ rameter T V j ?2* Altitude of -which 

Re&ang&is TO, the Part contained 

. too^» //>* Extremity T «nf /£* ^ 

0/ *& Ordinate O ; o/^/V* Reef angle 

exceeds the Reft angle T O Z V by the 

Rectangle VZYX, which is fimilar 

atk fimilarly pofited to the Figure, fee 

the preceding Figure. 

Retaining the fame Figure C T q: TL$€t- 
angle IDT:: Re&angle I O T. PO?j 
but . by the preceding Cor. .Prop, ii. C T a 
IDT.:: !T^TV::IT. TVy*lwS 
fore, eX/aqko^ I' T; TV:: Re&arf 
IQTPO^j but fQ*. YOY::ltf 
YO::|T. TV j therefore, ex eqtw-&e'et£ 
angfe IOT;POj:: Reftangle 1 T: 
Retfangle ' Y O T j and confequehtW 

YOTi*PD?. w.w. d; -■ 



- PROP. 
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PROP. IV. 

If from any Point of one cf. the oppofite 
Hyperbola's, be drawn the Diameter 
PC, and continued beyond C, /* will 
meet the other of the oppofite Hyperbo- 
la's, and likewife be biffe&ed in C. 

Draw PO an Ordinate to the Axis 




IT, and make Co =COj and draw 
likewife the Ordinate po& on each Side 
of the Axis « RO = PO (by Prop, ii.) 
wherefore R P will pals through the Cen- 
tre, and will but make one Right Line 
with P C, which was firft drawn, and will 
alfo be biflefted in C. W.W.D. 



PROP. 
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PROP. V. 

A Perpendicular to the Axis, as TX* 
meeting the Hyperbola in the Ver- 
tex T, touches the Hyperbola in that 

Point. 

Suppose XT do not touch thefly- 
perbola^butmttt it in fome other Point, as 
S, which is different from T (See Fig. Pag: 
82.) take Td = TD, and then wilt Vd 
be sea IT, and Si = SD 5 but (£y /**(?*. 
iteration of the Hyperbola) I T + S D, 
or their Equals Vd 4- Si = FS, /. *. one 
Side of the Triangle FSi is equal to the 
Sum of the other two Sides Fi, iS, wbicb 
is abfurd-y therefore the Perpendicular 
X T does not meet the Hyperbola except 
in the Point T : I fa v alfo, that it can 
never poffiMy pafs within the Hyperbola^ 
though it be produced ; for it is evident 
(from the Generation^ that the Hyperbola 
runs off more and more from the indeter- 
minate Axis, which is parallel to XT; 
therefore XT touches the Hyperbola in 
T $ wbicb was to bejbewn. 



6 PROP, 



c to i 



PROP. I. 

things being put (as in the fifft Propofi- 
tion) and having drawn DA, and 
bijfefted it in E* / fay, the right 
Line P E touches the Hyperbola at the 
Point P. 



Suppose it otherwise, and that P E 
meet the Hyperbola in any other Point, as 
f 9 then (by the Generation of the Hyper- 
bola) the Difference of the Lines Vp> p D 
equal to the Difference of the Lines F P, 
PDis equal V A; by the Hypothecs PE 
is perpendicular to AD, and is bifle&cd 
in E; wherefore p A =pD j therefore the 
Difference of the Sides Vp and p A is e- 
qual to the other Side F A, which is ab- 
jurd. But if the right Line E P produced 
beyond P, fall within the Hyperbola^ it is 
manifeft, that the Hyperbola will pais on 
the other Side of E P, with Regard to the 
Axis I T $ therefore having drawn from 
any of its Points, as S, the Lines S F and 
S D to the Foci (by the Generation J the 
Line IT (or FA, which is equal to it) 
+ SD is = SFi but the Point S being 

without 
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without the Line E P with regard to the 
Point D, the Line S A muft be lefs than 
S D ; wherefore S A + F A will be lefs than 
S F, wbtcb is abfurd, for two Sides of a- 
ny Triangle are always greater than the. 
Xbfed i tfyrefore the Prop, is true. 

G a PROP. 
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PROP. VII. 

If the Line PE touch an Hyperbola in 
P, and if PP and PD he drawn to the 
Foci, the Angle F P E M equal to the 
Jngle DP E. 

O n P as a Centre, and with the Radi- 
us PD (See Fig. Pag. 87.) dcfcribe the 
Circle D A ; the Triangle D P A (by Prop. 
vi.) is Ifofcelar, and P E biuefis the Bale ; 
wherefore the Angle DPE = FPE. 
IV. Ur. D. 



PROP. 



1**1 



PROP. VIH. 

fbe famtfbingsbeingput (as inProp.vi> 
I f&y there can be but one Line, as YE, 
which (hall touch the Hyperbola itt 
the fame Point pi 

L t t £ h atfo touch the Hyperbola in P*. 
if it be pojfibh. From the Foe u$ D hav- 
ing drawn D a perpendicular to P b 9 and 




having defcribed the Circle da from the 
Centre F, and with the Radius Pi = 1 T 
it will meet Da in the Point a$ having 
bifletted D a in e, and having drawn F a 
produced until it meet the Hyperbola in 
p ; and having join'd ^D and pe, ap and 
p D will be equal (by the Generation} and 
pe drawn within the Ifofceles Triangle 
apD bifle&ing the Bafe Da will be per- 
pendicular to Da; wherefore it will 
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be parallel to V b ; but it touches the Hy- 
perbola inp (by Prop, vi ;) therefore pe 
will meet a Line touching the Hyperbola 
in the Point T, in fome Point without 
'the Hyperbola, feeing they are both Tan- 
gents ; wherefore the Parallel Vb partes 
within the Hyperbola, for the Hyperbola 
goes from P to p, and the Ordinate to 
the Point P, meets PA within the Hyper- 
kola, which is abfurd; for PA was fuppo- 
_fed a Tangent: Therefore there can be 
drawn but one Line, as pE, which will 
touch the Hyperbola In the fame Point p. 
W. W. D. 



Definition 
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Definition of tbe-AJfymptotes. 

. I f the Right Line a T A be drawn per- 
pendicular to the Axis I T, at one of its 




Extremities, as T, and TAq be made 
equal to the Redangle IDT; having 
taken T a ■ s* T A j thro' the Centre C 
and the Points A, a draw the Lines AC, 
aC indetermined both ways from the 
Centre ; thefe Lines are called AJfymptotes 
to the Hyperbola, or the oppofite Hyper- 
bola's. 

COROLLARY. 

It is evident that the AJfymptotes to one 
Hyperbola are *Ko Affymptotes to the other 
that is oppofite. 

G4 PROP 



PROP. IX. 

If the Ordinate «/ an Hyperbola be pro. 
duett until it meet the Aflymptotes in 
B and Q; the Relf angle GPB is e- 
qualtoTAq. (See Fig. Pag. 91.) 

TnELinesTAand OB ire parallel - 
wherefore CTq. TAj.:COo. OBtu 

anglelOT. OPj. and,«*a««,CO», 
OS,::CO ? .-GT„. OPJ, and 
alternately COq. C O q — € T * • ■ 
OBq. OPj, and, by Divifion, C O a'. 
COq-COq + CTq = CTq:: OBq. 
OBq — Otq, and alternately C O » 
OB, :: CTj. OB? - OP ? = Rec£ 
angle GPB : But in the firfi Pnpofitim 

the Reftangle 8ip=TAj.ff'. /T.Z>. 



PROP. 
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PROP. X. 

If from fotne Pointy as P, in a Hyperbola 
be drawn the right Line Pg parallel to 
the Axis I T, meeting tie two Asymp- 
totes in b and g; I fay, the &eftangle 
gVb is equal toCTq. 

VKOMtbe Pofition of the Aflymptotes, 
is biffeded in O by the Axis CM ; and 
fromfitnilar triangles, OBq. {See Fig. in 
Pag. 91.) COq = POq :: CO?, or 
oPq. obqi And by Divifion, OBq. OBq 
— QPq::oVq. oPq — obq j and aU 
ternately, and by Inverfien^OBq — O P q 
= Re&angle G P B . P q~- b 4 sm Reft- 
angle gPb:i OBq. oPqasCOq: But 
OBq. COqr.TAq. C T ?; wherefore, 
exaquo, Re&angle G PB. Re&angle g?b 
:: TAq. CTfj but Re&angleGPB** 
T A § . (by the lafi Prop.) wherefore Re& 
angle*P*=*CTf. faW.D. 



PROP, 
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PROP, XI. 

The Hyperbola and its Aflymptote ap- 
proach continually to one another the 
farther both of them are produced, and 
yet will never meet, tho* P B, the Part 
of the Ordinate contain d between the 
Hyperbola and its Aflymptote, may 
be found fitch, that it Jhall be lefs than 
any Line given. 

■ * i 

The Re&angle G P B is equal to T Kq . 
(by Prop, ix.) @> ee &i ?* ?*& 9*0 but 
GB encreafes the farther it is diftant from 
C; wherefore P B continually diminifheth ; 
but it can never become equal to nothing, 
for then the Redtangle G P B would be 
equal to nothing, which wou'd contradid 
the forementioned Prop, wherefore thefly- 
perbolh and its Affymptote can never meet : 
Then if a Reftangle be made, one of whofe 
Sides (hall be lefs than the given Line, 
which Re&angle (hall be equal to T A q ; 
the Sum of the two Sides of this Rectan- 
gle, as GB, being applied within the An- 
J;le made by the Asymptotes perpendicu- 
arly to the Axis I T, P the Point that di- 
vides the Sides of that Re&angle will be 

within 



within the Hyperbola (by Prop, ix.) and 
confequently PB is lefs than the given 
Line. W.W.D. 

PROP, XIL 

Jf two Points, as P and A, be taken in a 
Hyperbola, or one Point only in each of 
the oppofite Hyperbola's, and through 
the fe Joints be drawn two right and pa* 
railed Lines, ^jPH and A D termina- 
ted by one of the Aflymptotes, as CD $ 
in like Manner, if thro' the fame Points 
P, A be drawn two other Lines P F, A B 
parallel to one another, and terminated 
at the other Affymptote C B ; / fay 3 
tbeKe£langleVm%VV ^ ADxAB. 

T h r o u g h the Points P, and A, hav- 
ing drawn the Perpendiculars to the Axis 
E P G, and L A K terminated by the Af~, 
fymptotes in EG, LKs the Triangles 

EPF 



1*1 




V 



EPF and LAB, PGHandKHD are 
fimilar, by Reafon the Lines that compofe 
them are parallel ; wherefore E P. P F : : 
LA. AB, and PG. PH : : AK. A D ; 
wherefore, multiplying thefe two Propor- 
tions into one another, Antecedents into 

Antece- 
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Antecedents, and Confequents into Con- 
fequents j there will arife this Proportion 
EP x PG. PF x PH :: LA x AK. AB 
x AD j but the Rectangle E P G equal 
Rectangle LAK i for (by Prop, ix.) they 
ire. equal Squares of one and the fame 
right jLine j wherefore the RjecVngle P P 
x PH is equal to the Recline Je AB x 
AD. IV.W.D. 

i 

COROLLARY. - 

I t is evident that what we have demon- 
ftrated above for two Points only, may be 
demonftrated in like manner for any 1\ injn- 
ber of Points whatsoever. 

PROP. XIII, 

Draw a right Line at Pleafure, as PA, 
meeting one Hyperbola, or the two op- 
pofite Hyperbola's in the Points P and 
A, and the Aflymptotes F and H, 
and then the Parts of this Line P F, 
A H, comprehended between the Hyper- 
bola, or the Oppofite Hyperbola's and 
their Aflymptotes are equal* 



By 
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By the preceding Prop, the Re&angle 




PF x PH is equal to thp Re&angle AB 
x A H y for the Lines P F, A B, as alfo 
PH and AD are parallel, being join*d in 
a ftreight Line : But the Sums or the 
Differences of H F, D B, the Sides of 
thofe equal Re&angles,are alfo equal, be- 
ing they are the fame right Lines > where- 
fore the Sides of thefe Re6fcangles are al- 
fo equal, viz. PF = AD, and PH = 
AB. 

PROP. XIV. 

If a right Litre, as F H, touch an Hyper- 
bola in P ; I fay, that it meets the Af- 
fymptotes in F and H, and is liffefted by 
the Point of Gontaft P. 

1. Thro* the Point P drawEPG an 

QrdinaH to the Jxis,znd if the Tangent in 

% Pdo 



[ 99 3 
¥ do not meet the Jffymftotesy it will be 1 



* i 




parallel to one of 'em, which let be C G, 
if it be pojjible. (By Prop, xi.) one may 
find a Line lefs thanPG, which being 
parallel to CG 9 let it be comprehended 
between the Hyperbola and the Affymp- 
tote; this Line produced will neceflarily 
meet the Tangent FPH parallel to CG 
within the Hyperbola, which is abfurd; 
for F P H is fuppofed to be a Tangent $ 
therefore a Tangent meets both the AJfymp- 
totes \ which is thefirfi Part of the Prop. 

z. If PH be uneaual to PF, let it be 
greater if poflible ; having cut offHp = 
FP, draw epg parallel to EPG;then, 
becaufe p F = H p> and g e parallel to G E, 
pg. ?G::Hp. HPi and Up. HP, or 

their 
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their Equals FP. Fp :: PE.£t,and, ex 
*quo,pg. PG : : PE. pe-, wherefore PG 
x PE = pg x pe ; and £y ?fo Converfe 
of the 9th. Prop, the Point p will be 6ne 
of the Points of the Hyperbola ; therefore 
FPH will meet the Hyperbola in two 
Points P,p contrary to the Hypothecs, for 
it is fuppofed to be a Tangent. Wherefore 
the Prop, is trtte. 

PROP. XV. 

Sfbro' the Points P, A of an Hyperbola, 
draw the right Lines FH, BD paraU 
lei to one another y and meeting the Af- 
fymptotes each of them in the Points F, 
H, B, D; / fay^ the Kett angle PF x 
PH « equal to the Keft angle AB x 
AD or AB ft //BD touch the Hyper- 
bola, in the Print A. 

This Propofition is evident from Prop. 
xii and xiv ; for the Lines P F, P H, and 

AB, 
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AB, AD are parallel ; and if BD be * 
Tangent in the Point A* it is divided by 
the Point A into two equal Parts (bj 
Prop, xiv.) 



• . >• 



pri: 






If from any Point P of jfy Hyperbola le 
drawn A right Line parallel to the de- 
terminate JDiameter* as ,AA; * f a Ji 
PH meets i be Aflymptdtes in F and 
• M % ani\ the Rtftrtttfe PF X. ***** 

CAf '.. \:: ■ . ..' 1:-.- - .1 o .":•: t- o \ 

^ * * -A 



U 1 : . 



* « ; 






f f * f x 






,ih 



V) 



Fo 
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F o & C A is within the Angle made by 




th«t fcHwhjpl* wp#»%l^p £ Aa mtfk 

(*y Prop, xii.) the Lines A C and P F^» 
ing parallel, and meeting the Jffymptote 
CF j and AC .and PH befog *Iio paral- 
lel, and meeting the other jffymptote CH, 

K*ft«gSffJxpH. ^Wj>. 

; \ VVo'p. xyii. 

• - - * • • >\ C '. i . » . s » ' , .< • . . * . 

^/r««* /fe >>»*>*£ &y A «/** Hyperbola 
or oppofite Hyperbola's, be draqu BF, 
FH, Mi kB> AD parallel to its Af- 
fy mptotes, /A* Parallelogram P F C H 
« *£*<*/ ft> ffo Parallelogram ABCD. 

i v .1 r jjjr 
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& fx& *u the ftftiwge jP F ** H 




is equal to the Reftangle AB x AD y 
wherefore PH. AD :: AB* PF$ but the 
Angle FP His equal to the Angle BAD; 
wherefore the Parallelograms CP and 
C A are equal W.W.D* 

PROP. XVIII. 

If the tight Lines KI, EG touch an 
Hyperbola, or oppofite Hyperbola's; / 
fay, the triangles KC1 and EGC, 
comprehended between the Tangents and 
the Aflymptotes, are equal. 



v/ • •« 



Hft 



iSPfcfcdifc* 



[ *°4 3 

Through the Points of Contad P and 
A, having drawn the Parallels to the Af- 
fymptotes A B, A D , and P F 3 P H <J>y the 




■A. 




precedent Prop.") the Parallelograms C A 
and C P are equal ; but becaufe the Tan- 
gents are biftccted by the Points of Con- 
taft^jr *«£• 3"v> tbeParaUelognunsC P 

fliaU 
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Hull be i the Triangle C IK; and the 
Parallelogram CA fliallalfo be f the Tri- 
angle CliGj wherefore the Triangles 
CIK and CEG are equal. W.fr.D. 

PROP. XIX, 

Jf a right Line* as BT A, touch an Hy- 
perbola in T, and as many other Lines 
as you pleafe, as P E, L I & <?nniw p<*- 
ra/W fo *i>« Hangent) and terminated 
in the Hyperbola ; I fay, the Diameter 
OCT drawn through tie Point ofCon- 
tacl T, hiffefts the Parallels P E, L I 
inUandH. ,' 



jHj I« 
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] I 
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The Tangcab BL& ** bifle&ed in T 
(by P f0 P- * iv -) tfti**fm* P£,LI being 
produced to the Jffymptotes inG,D,M,K, 
<3D and MK will alfo be bifle&ed in 
the Points N and H, by the Diameter 
CT; but GP =ED and ML = IK 
(by Prop, xiii.) wherefore PN=NE, 
an#£/fl«HL W f # ~ 



PROP. 
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.2V10 1 T i/I I 5.1 ',[ 

prop. n. 

*M()j.7/ .1 .■„ P L O J ■ / . i. * >! i 

Jj£ id right ,LMk) as A By Jb/nrir tfj* Hyper^ 

and another Diameter, «OCf, /><*/• 

^jl&Sff fto?/ the Point of Contaft T$ J/iy, 

v tk#:di t Ihefe^raUels^asi^p, pu to 

.t&.'&amefa QTjatid terminated be* 

tween tfa ofpefittHypGtboWsjar? bf/feti* 

ed in R, ^ar/r^ rly *fc Diameter XCR. 




Because Afi^ wfcicB is parallel tor 
1 C, is bifl^edjfr f^t &tfowi that QS* 
a)id f / comprehend^ b'etweea the Ajfyihp* 
fbtis, and the Panels to Cf- ^Hj[ like- 
wife be biflefted in R and r$ But P<£== 
SV, and pf = *«$ wherefore PR a 
RV, and frssr* JV.W.D, 



** 



**> 



H it 



nupt* 
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DEFINITIONS. 

i. The Diameters OT,XR whofe 
Properties we have demopftrated in the} 
two preceding Propofitions^re called Con- 
jugates to one another (See Fig. Prop, xix, 
and xx. . , . . 






%. ARight Line, as E N, parallel to 
one of the)Conjugates 5 as XC, is called kn 
Ordinate to the? other O T, and recipro- 
cally V R is an Ordinate to X G. 

. . . • 

PROP. XXI. 

Tie Square.of EN, Ordinate to a determi- 
nate Diameter as O T, is to the Red 'an- 
gle ON x TN r as ATq. is to CT q 
(See Fig. Prop, xix.) 

Fro nfimilar triangles D N-q. T A q 
:: CNj. CTq ; and by Divifion DN? 
— TAq = OED hyfrop. xv. (which 
is = EN£) MpTA? :: CNf — CT* 
(equal td f the Re&jngle ONxTN) 
CT^j wherefore EN* T A?:: ON x 

r '» 






t 



v » 



COROL 
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COROLLARY. 

I t is evident, that the Squares of the 
Ordinates EN, I H to a determinate Dia- 
meter OT, are as the Rectangles ONx, 
TN, OH x TH* made under the Parts' 
of that Diameter, which are comprehen- 
ded between its Extremities Q and T, 
and N arid H the Points where the Ordi- 
nates? meet it. 

DEFINITIONS, 
i. Let C A be to TAas T A is to 




half of TPj the right Line TP is called 
the Parameter of the determinate Diame- 
ter OT- 

2.The Re&angle O P contained under 
the determinate Diameter OT and it's 
Parameter, is called the Figure of that 
Diameter OT. 

PROP, 



I I. • 
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*6e Sqkd* ^TBNi &<3*cttottte'fiy : 4Wfr 
ierintnite i%eiineiet; l ai&*£i is eiftatto 

iBt&rt¥Jtigh i *£til dfafofti the fW 

Abfctffa, which Reel angle exceeds P N 
by the Reft angle PM t which isfimi- 
lar and jintiMriy pojitti to'4Be Figure 
O B. £S«e Fig. priced; Defio.) 



B r ate Format ion of the Parameter,0 T. 
T P : : € T q. T A q. and (by the precedent 
Prop) CTf. T Aq :: Reftangle ON x 
TN. NEj; but the Re&angle ONx 
TN. MN x TN:: ON. MNyandON. 
M N : : OT. T P, and exaqwthe Redan - 
gle ON x T N. NEy :: Re&angleONx 
TN.MN^TNj wherefore the Redan- 
gte M N x T N is equal to N£«. 
W.W.D 



r 






e^KGfLLJt'RY. 

If the Parameter T. P be equal to the 
fljaffreter &% it Mows* from t$e For- 
nfatiott tf 'dfeJtoftM^.'tiat'T A will 
bVetjuaf t6 G^j U. ^aftA fime/iu 
rametet.. But it is alfo evident ($y Prop. 
' ' xviii.; 
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xviii.) that the Triangle ABG is redan- 

S*ed in B, if the Diameter drawn from 
e Centre C to the Point of Contaft A» 
be equal to the Tangent A G, comprehen- 
ded between the Point of Contaft A, 
and -the Affymptote-, for the Triangle 
C AG will be Ifofcelar, and the Bafe CG 
muft be bifle&ed in B, by the Line AB» 
which is parallel to the other JJfymptote 
CE; wherefore if the Asymptotes of an 
Hyperbola interfe& one another at right 
Angles, all their Diameters and Parame* 
ters will be equal : And if in an Hyperbo- 
la a Diameter be equal to its Parameter, 
all the others will be fo too, and the Af- 
fymptotes will be at right Angles. And 
moreover, it is farther evident, that an 
Hyperbola whofe JJJytnptotes are not at 
right Angles, cannot have any Parameter 
equal to its Diameter. 

PROP. XX1IL 

If in the oppofite Hyperbola's, two right 
&itidsfL% \&t* phrMH toVwaGm}*- 
gat* Dimmer* A B 5 Oty *&* i* » ' 
PbhfcasK fifty tURe&&gf»Tt&Gl ' 
Hetfangh" # fe I r: DYarft^t O T; *■ 
to its Parameter. ' 



Having 
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Having dwwn FL and <? M Ordi- 
nals to the Diameter OT, they will be 
parallel to AB (by the Definition of con- 
jugate Diameters} andOtbifle&s HI 
in N (by Prop, xix.) 



In 
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I n like manner G F is bifie&ed by the 
Diameter AE; but C 0.*= CT, and M L 
= G F j wherefore T L 5= O M (by Prof. 
xxi.) • LPf Nlf :: ' Redangle QLT. 
Redangle ONTj and 1 -, by Divijiofi, if 
the Point R be without the oppofite Hy- 
perbola's LF# — NI q (= Redangle 
H R I.). fc to N I q : : Redangle OLT. 

— RedatigleO N T (= M N L or F R G ; 
for MO' and TL are equal) ONT ; 
therefore the Redangle H R I. N 1 q : : 
Redangle F R G. Rectangle ONT. 

B v t if the Point R be within One of 
the oppofite Hyperbola's, by Divifion, N I q 

— L F q, or G M y, or N R ? (L F, 
GM, and NR being all three equal) 
equal to the Rectangle H R I : N I q : : 
Redangle ONT — - Redangle OLT 
(OLT being = to the Rectangle O M T 
which is = Redangle F R G ) is to 
the Redangle ONT. But in tbefe two 
Cafes (by Prop, xxi.) and the Definition 
of the Parameter, Redangle O NT. N Iq 
: : Diameter O T. it's Parameter $ where* 
fore ex aquo the Redangle FRG. HRl 
:: Diameter OT. its Parameter W.W.b. 



PROP- 
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PROP. 

Jm 49 Hyperbola, as PT, wbefe Axk is 
IT, and its Qtntrt C, MH fo /£« 
feint i»btrt a ttpgfiHt* as PH, wtftj 
*fe Axis, and let PQi>e <w Ordinate to 
tb» Axis jMjffog flbn>* the Point of Con- 
ta&2ilfaj 9 CH.CT::CT. CO. 




Lbs. 
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Let the' Points F, D be tie f op„anfl 
from P as a Centre ; and with 'the Radius 
PD,havingdefcribed the Circle MSDA, 
and drawn -the line 1 D Ac (be 'Tangent 
PH will tiffea D A in E Ch P"P- »i.) 
From the Points P,C,H, hiving 'drawn 
F <3,,C R and H V parallel to D A, 
jFA'W") be- biffctaed in fc becaufe FBis 
fyfleftedinC. "'''•• ' ::T ' 

TioxfimilarTrian^s ! f P.PA : :F C. 

AE, or DE equal to it, and FG. DE 

:: FH.DH,andFH.DH::FV.VA; 

confequently «s«jno F P. P A: : F V. V A; 

ijr Divifim, FP — PA = FA. PA :: 

FV — VA = 2R.V. VA; but FA. 

ARV. 

A ; py 

RP:: 

erefbre 

RAj 

lecaufe 
::FM. 
::RP. 
CO; but CD. RA..CH. R V, and 
«t *jso RPCO::CH:RV. and the 
Rectangles under theExtreamsandMeans 
being equal, CH x CO is = RPxRV; 
.tut the Rectangle R P x R V was demon- 
firated above to be equal R A q, and R A 
s= CT by the Qinjtrutiior, ; wherefore 



CT} sCHxCO therefore CH. C T 
:: CT.CO.Q.E.D. 

COROLLARY. 

Since CH. CT ::CT. CO by in- 
verting the Demotiftration of the Jir]i Jr- 
ticle of this Prof, it may be proved, that 
IO.OT::IH. HT, and the LinelO 
is faid to be divided harmonically la the 
Points I, b,T,H. 
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TREATISE 



Conick Sections. 



Part IV. 



The ^efcriptionf of the Conick: 
Sections upon a *P LA N E. 

TH E Method of AttcfihmgCurveLines 
upon a Plane, by the continual Moti- 
on of a Point with Machines, is fo fubjedfc 
to Error, that it ought not to be ufed a- 
bove once,left its Perplexity fbould difcou- 
rage the Learner ; and I am apt to think 
there is nothing more requifite than to find 
an infinite Number of Points, after an eafy 

I Man-* 
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manner, through which may be drawn the 
Curve Line defired j and as it frequently 
happens that there is occafion but for a 
fmall Part of a Curve Line, fo there may 
be found fo great a Number of Points, that 
there can be no considerable Error in 
drawing the Curve through the Points fo 
found. The Defcriptipns of the three 
Conick Sections which I have given at the 
Beginning of the Demonftrations of every 
• one,being generally received for the moft 
fimple, when the Foci or Axes are known, 
it would be needlefs to feek for any other, 
whenthofe Things are given. Butbecaufe 
it often happens, that one may have Oc- 
cafion from other Date todefcribe the Sec- 
tions-, for Inftance, to defcribe the Parabo- 
la, having given only one of the Diame- 
ters, with its Parameter, and the Angle 
the Ordinates make with that Diameter. 
To defcribe the Ellipfts, having given two 
Conjugate Diameters $ and to defcribe 
the Hyperbola^ having given the Angle 
made by the AJfymptotes and any Point in 
tBe Curve, or a Diameter, and its Para- 
meter j or in one Word, to defcribe any 
of the three SeUions, having given a Di- 
ameter with one of its Ordinates. I have 
therefore given the Defcriptions of theft 
Lines in the Cafes propofed. 



PROB. 
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PROB. I. 

A Diameter of a Conick Se&fon being 
given wrtb an Ordinate to that Diame- 
ter to find the Parameter; and in the 
Ellipfis to determine its conjugate Di- 
ameter. 

For the Parabola. 

If you fay, as the intercepted Diame- 
ter is to the Ordinate, fo is the Ordinate 
to a third Proportional. // is evident by 
the Definition of the Parameter of a Di- 
ameter in the Parabola^ that this third 
Proportional is the Parameter fought. 

For the Ellipfis and Hyperbola. 

1 f you make as the Re&angie under 
the Parts of that Diameter, made by the 
Interfe&ion of the Ordinate to this Dia- 
meter, is to the Square of that Ordinate, 
fo is the Diameter to a fourth Proportio- 
nal, which fourth Proportional thus found 
will be the Parameter of that Diameter : 
' And in the Ellipfis having found a mean 
Proportional between the Diameter, and 

I 2 its 
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its Parameter. And having drawn thro* 
the Centre a Line parallel to the Ordi- 
nate, and equal to the mean Proportio- 
nal found, and which is bifleAed by the 
Centre, we mail have the conjugate Di- 
ameter to the Diameter propofed ; as is 
evident by the Definition of the Parameter 
of a Diameter in the Ellipfis and Hyper- 
bola, and by Prop . xvii. and xviii. of t be 
Ellipfis. 



PROE 
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PROB, II. 



In an Hyperbola, a determinate Diame- 
ter with its Parameter being given, 
and the Angle which this Diameter 
makes with its Ordinate, to de [crib e the 
Aflymptoce*. 
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Let the Diameter given be O T, and 
the Angle ONE, which this Diameter 
makes with its Ordinate ; through the Ex- 
tremity T draw A T B parallel to E N $ 
and having found A B, a mean Propor- 
tional between the Diameter O T and its 
Parameter^ biflefts it in T $ and through 
the Centre, and the Points A and B, pro- 
duce C A and CB on each Side the Cen- 
tre C. 1 fay, that C A, C B are the Af- 
fymptotes of the propofed Hyperbola ; as 
is evident by the Generation of the Para- 
meter of an Hyperbola. 



PROB. III. 

*fhe Right Line ITD being given for the 
Diameter of a Parabola, and the Point 
P for one of its Points^ together with 
the Line CT touching it at T, the Ex- 
tremity of that Diameter : Or rather 
the Angle D T C = to the Angle the 
Diameter makes with its Ordinate • 
to defcribe the Parabola. 

T h r ou g h the Point P having drawn 
C P parallel to T D,and prolonged it down- 
wards from P, take C, /, /, 2, 23,63V. e- 
qual to one another, of what Bignefs you 

pleafe, 
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pleafe, fo you do but begin at the Point C 
where CP meets TC$ produce TD up- 
wards, and fet off the fame Parts from T, 




\ 



making them thus, TI,MI,II,III, &c. 
Having drawn PI, Tf meeting one ano- 
ther in S, F fay, the Point S is one of the 
Points of the Parabola required. 

DrawSB parallel to D T ; and from 
the fimilar ?ri angles TBS, TC/, and- 
ITS, P/ SBS. C* = TI ::TB. TC; 
TI. *P + TI or C* =CP::TS. T* 
: : T B. T C wherefore B S. C P in a du- 
plicat? Ratio of TB to TC* But like wife 

1 4 TBq 
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T B q ■■ T C q in a duplicate Ratio of their 
SidesTB,TCi wherefore TBj.TC? 
: : BS. CP ; and the Point P being one 
of the Points of the Parabola, it is evi- 
dent, by Cor. iii. Prop. i. 0/ f/v Parabola, 
that S will alfo be a Point in the Parabo- 
la required. 

1 n the fame Manner it maybe demon- 
ftrated that S the Interfe&ion of PH and 
T a, and Z that of P III and T 3, and fo 
on, will be Points in the fame Parabola ; 
and if the Parts C*", Be. be taken very 
final], you may find three Points very near 
one another. 



PROB. 
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PROP. IV. 



STbe Right Lines A B, ED, being gi- 
ven for the conjugate Diameters of an 
Ellipfis interfering one another in C j 
to defcribe that EilipGs. 




Through D the Extremity of any one 
of the Diameters, draw DP perpendicular 
to the other conjugate Diameter A B, and 
produce it both Ways; and upon this Line 
take DO on either Side of D = C A = 

i AT*. 
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B 



4 A B 5 through the Centre C, and the 
Point Q* draw the Line C (^produced 
both ways from C ; from any Point O of 
the Diameter D £ having drawn the right 
Lines O S parallel to C A, and O G paral- 
lel to D Q , and upon the Centre G, and 
with the Radius G S = C A having de- 
scribed the Ark S meeting O S in S : I 
fay, the Point S, is one of the Points of 
the Elliffis required. 



From 
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From the fimilar triangles CDQ. 
COCCDf CO? = RSj::Dqj=s 
GSq^GAq-OGq. But 

O G j = Difference of G S q and 
SOq ; for the Triangle GOS is Redan- 
gled in O, and after the fame Manner, 
GOq is = Difference of the Squares of 
C A and C R, which are equal to G S 
and S O ; and the Difference of C A q and 
CKq is = Redangle BRA ; for AB 
is bifTefted in C, wherefore CD q.KSq 
: : C Aq. BRA and (by Prop, xviii.) the 
Point S is a Point of the Ellipfis requi- 
red, and fo may an infinite Number of 
other Points be found. 

Another Manner of Defcription for the 
fame Conftruffion. 

Having drawn C Q as above, and ta- 
king G, fome Point in the Line CQjfora 
Centre, and with the Radius G F = OP, 
having defcribed the Ark F cutting CB 
in F, and having prolonged F G to S, 
and drawn G S = C A ; I fay, the Point 
S is a Point in the Ellipfis required. 



Through 



~T h r o u g h the Point G having drawn 
IGO parallel to DQPj FG = PaGI 
:: DQ = GS. GO ; wherefore if SO be 
drawn, it will be parallel to C A j and it 
may be demonstrated as above ^ that the 
Point S is a Point in the Ellipfis fought. 

If the Lines AB, DE he the Axes. 

1 f the Lines A B, D E be the Jxes> the 
preceding Method will ferve $ for it is e- 
vident that the Lines C O and C D will 
be joined, and that QP wilt be the Diffe- 
rence in the ift Fig. and the Sum in the 
zi Fig. in the preceding Prob. of the two 
Semi-axes ; and the Points, as G,ought to 
be taken upon CDs anc * the reft of the 
Qmftrnftion and Demonftration will be 
the fame as before. 

Another Manner of Defcription by the 

Help of a Circle. 

I n the preceding Figure^ the Reader tnuft 
fupply the Circle^ and the Lines which 
are not there $ which is very eafy to 
do. 



If 
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I f theQuadrant of a Circle bedefcrib'd 
with the Radius G A, and having joined 
A D j if from any Point R of the Dia- 
meter C A you erect a Perpendicular, and 
continue it to the Circumference of the 
Circle, this Perpendicular will be a mean 
Proportional between B R and R A j and 
having drawn RO parallel to AD, and 
OS parallel to CA, = to the mean Pro- 
portional between BR, RA: 1 lay 
the Point S is in the EUipfis fought. 

By the Cotiftruftions GDq.CAq:: Re- 
ctangle EOD. Rectangle BR A. OSy ; 
wherefore CDy. CAQ^orED^BA?:: 
Rectangle E O D. O S q ; and (by 1 8 Prop. 
Ellip") the Point S is a Point in the £/- 
ttpfis fought. 

Note, in this Suppofition OSCR are 
not = as in tbe Figure. 



PR OB. 
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P R Q B. V. 

/ 

The Aflymptotes C D, C M being given 
with a Point in the Hyperbola ; it is re- 
quired to defcribe the Hyperbola. 

Through the Point P, draw BPI, 
EPK, FPL at pleafure, terminated at 
*he AJfymptotes ; and make B A = P I, 




E G = P K. F H = P L, I fay, the Points 
A, G, H, are in the Hyperbola required j 
this is evident by the 13. of the Hyper- 
bola. 

And 
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A n d if through any of the Points 
found you ftill draw other Lines as DM, 
make MN = DA, and it is evident for 
the fame Reafon, that the Point N is in 
the Hyperbola. 

FIN IS. 
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inftru&ed, &c. the like not extant, Svo. 
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Stone. 
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